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This paper reports on a study of student understanding of the wave nature of matter in the context
of the pattern produced by the diffraction and interference of particles. Students in first-year,
second-year, and third-year physics courses were asked to predict and explain how a single change
in an experimental setup would affect the pattern produced when electrons or other particles are
incident on a single slit, double slit, or crystal lattice. The errors made by students after standard
instruction indicated the presence of similar conceptual and reasoning difficulties at all levels.
Among the most serious was an inability to interpret diffraction and interference in terms of a basic
wave model. Other errors revealed a lack of a functional understanding of the de Broglie
wavelength. Students often treated it as a fixed property of a particle, not as a function of the
momentum. An important goal of this investigation was to provide a research base for the design of
instruction to help students develop and apply a basic wave model for mattezood@american
Association of Physics Teachers.

I. INTRODUCTION Previous studies on the wave nature of matter have focused
on the Bohr atom, energy levels, and wave—particle duality

In this paper, we describe an investigation of student unand have mostly involved precollege studefits.
derstanding of the wave nature of matter in the context of the
pattern produced by the diffraction and interference of pary, ovERVIEW OF RESEARCH
ticles. The purpose was to identify and analyze the difficul-
ties encountered by university students in introductory and There is a growing research base that can guide the devel-
more advanced courses in trying to account for these phepment of curriculum in physics, especially at the introduc-
nomena. Earlier studies by our group had demonstrated thary level!! The Physics Education Group at the University
traditional instruction typically does not result in the devel- of Washington takes an empirical approach. Typically, we
opment of a coherent conceptual framework for geometricainvestigate student understanding through a combination of
and physical optics=° To address this problem, we produced individual demonstration interviews and the administration
research-based tutorials that have proved effective in helpingf written problems. The results are used to guide the devel-
students construct and apply ray and wave models foopment and assessment of curriculum to improve student
light.®’ Therefore, an important additional motivation for the learning.
present investigation was the design of a tutorial to help The present study involved students who were enrolled in
students apply a phenomenological wave model for métter.courses from introductory to more advanced levéll had

In courses on modern physics, an analogy to physical opreceived standard lecture instruction on the diffraction and
tics is typically used to introduce the idea that electrons andnhterference of electrons and other particles in their current
other particles can behave like waves. Interference patterrer previous courses. The de Broglie wavelength had been
produced by light and by electrons provide the basis for axplicitly covered.
discussion of the wave—particle duality. The de Broglie Written problems on the diffraction and interference of
wavelength is defined and used in explaining electron difelectrons were administered to more than 450 students en-
fraction, the Davisson—Germer experiment, and other experrolled in a variety of physics courses: an algebra-based class,
ments in which the wave-like properties of matter are rel-two calculus-based classes, three second-year modern phys-
evant. Often the de Broglie wavelength serves as a bridge tigs classes, and three third-year quantum mechanics classes.
the formal study of quantum physics. It expresses the insepaost of the problems were on course examinations, but
rable linkage of the momentum of a particle to a spatialsome were used as pretests for the tutorial described later in
property of the particle. As such, the de Broglie wavelengththis paper. One of the problems was also given to a calculus-
can form the basis for determining, in a given systembased class at another university. The results were similar to
whether to apply classical or quantum mechanics. It is inthose obtained at the University of Washington.
voked by many instructors as a means of accounting for the The interviews were conducted with 14 students from a
gualitative shape of wave functions, particularly those of stathird-year quantum mechanics course. They were all volun-
tionary states that can be described semiclassi¢ally,, us- teers whose final grades were at or above the class mean. The
ing the WKB approximation® In view of the central role of interview transcripts yielded insights that helped us design
the de Broglie wavelength in introductory quantum mechanthe written problems and interpret some of the student re-
ics, we were especially interested in examining the ability ofsponses.
university students to interpret and apply this concept in the There were several different versions of the written prob-
first context in which it is usually introduced—the diffraction lems. Some involved single-slit diffraction of electrons;
and interference of particles. There has been relatively littlessome involved double-slit interference of electrons; and oth-
research on student understanding of this particular topicers were on electron diffraction from a crystal lattif€ee
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A beam of mono energetic electrons is incident on )
P : s front view
a mask containing a single narrow slit.
of screen

A. For each change below, would that change
cause the minima to move closer together,

move farther apart, or stay at the same locations? ( screen N
Explain your reasoning.
i.  The slit width is halved.
ii. The kinetic energy of the electrons is :;Ia_rsgwwsllt::
halved.
B. Suppose that the electrons were replaced with TTT :f:é?r;fs
particles of greater mass such that the resultant
pattern was exactly the same as that in the TOP VIEW DIAGRAM
igi perime: i Fig. 1. Examples of written problems
g;gel;:l eitrgy of the 323‘ ;ﬁfe:v b(;ulg(:et:tzr o, (rottoscale) __J posed on examinations &nd pretests.
less than, or equal to that of the original electrons? Students were asked to predict the ef-
Explain your reasoning. fect on the positions of the maxintar

minima of making specified changes
(a) in the experimental setup when elec-

trons or other particles are incident on
a single slit, double slit, or crystal lat-
tice. Each problem included two types
of questions. The firsttype 9 probed
student understanding of a basic wave
model and the secondype P probed
student understanding of the de Bro-
L] glie wavelength.

Mono energetic electrons are incident on a crystal incident scattered

lattice. Intense scattering is observed at angles 0 electrons
according to the Bragg condition, 2d sin6 = nA.

For each change below, determine whether that
change would cause the angles 6 for intense

scattering to become larger, smaller, or stay the d Bragg
same. Explain your reasoning in each case. l planes
L) /3 & /\/ [ ]

atoms in crystal

i.  The target is replaced with another crystal that has the same lattice structure but a
smaller lattice spacing. (Consider the Bragg planes analogous to those indicated above.)

ii. The speed of the incident electrons is decreased.

ii. The electrons are replaced with neutrons, with each neutron having the same kinetic energy as
each of the original electrons.

(b)

Figs. X(a) and Xb) for typical exampleg.Two types of ques-  the condition for Bragg scattering §Zin 6=n\). They were
tions were asked: type S and type P. The first involvedysked to predict the effect of using a crystal with a smaller
changes to the slit width, slit separation, or lattice spacingjattice spacing while considering the same Bragg planes.
The type P questions involved changes to the momentum. | type S questions could be answered solely on the basis
Each problem began with one question of type S and inyf an analogy to a wave model for light. Acceptable re-
cluded one or more questions of type P. In each question, thseponses included explanations based on changes in path

sthudentg Wﬁre asked to plredict and %Xplf"?m hﬁw a SiNglG, o4 (or phase or reference to the equatiomssin f=m\
change in the experimental setup would affect the posmon% . . .
or dsind=m\). In the question based on the Davisson—

of the maxima(or minima of the interferencdor diffrac- ! . . .
tion) pattern. Germer experiment, the decrease in lattice spacing would

On questions of type S, students were asked about tHesult in a decrease in the pa;h length difference at a given
effect on the spacing of the interference or diffraction fringesandle between beams from adjacent Bragg planes. Therefore,
(maxima or minimawhen the slit widtha, slit separatiord, f[here would be an increase in the anglésfor constructive
or lattice spacing is varied. In the introductory and modernnterference. .
physics classes and one of the quantum mechanics classesQuestions of type P probed student understanding of the
the type S question was based on a photograph of a pattefactors affecting the de Broglie wavelength of the incident
produced on a distant screen by electrons incident on a singRarticles. The students were told that the incident electrons
(or doubl@ slit. In the other quantum mechanics classes, thavere monoenergetic or that they had been accelerated from
guestion was based on the Davisson—Germer experimerest through a potential differencé,. The students were
The students were shown the diagram in Figp) and given  asked:(a) to predict the effect on the spacing of the fringes
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Table I. Results from type S questions on diffraction or interference of electrons in which students were asked
to predict the effect on the positions of the maxifea minimg of changing the slit width, slit separation, or
crystal lattice spacing. Questions were administef@doost-lecture instruction and) post-tutorial instruction.
[Percentages have been rounded to the nearegt 5%.

Algebra- Modern Quantum
Type S Questions based physics mechanics Calculus-based
course course course coursé
% (N) % (N) % (N) % (N)

(a) Post-lecture instruction (N=103) (N=100) (N=95) (N=169)
Correct responses 35% (36) 60% (60) 65% (61) 85% (144
with correct reasoning 5% (5 25% (23 35% (32 45% (73

(b) Post-tutorial instruction (N=103) (N=18) (N=52) (N=96)
Correct responses 60% (62 85% (15 75% (40) 95% 91
with correct reasoning 40% (42 65% (10 45% (24 90% (86)

&Students in the calculus-based classes had previously completed a series of tutorials on physical optics.

of varying the accelerating voltage, speed, or kinetic energgolumn in Table (a) shows, about 85% of the students in the
of the electrons(b) to predict the effect on the spacing of the calculus-based course gave correct answers, with about 45%
fringes of replacing the electrons with particles of differentgiving correct reasoning. In Sec. Il A3, we discuss how the
mass but with the same kinetic energy as the electrong)or background of these students differed from that of the stu-
to compare the kinetic energy of the electrons to that ofdents in the other courses.
particles of different mass that produce the same fringe spac-
ing.

In neither type S nor type P questions were the terms
“wavelength” or “de Broglie wavelength” mentioned. On 2. Identification of specific difficulties
both types of questions, multistep reasoning is required since
it is necessary to determine whether the pattern would Most of the errors on type S questions reflected difficulties
change and, if so, to predict qualitatively the new locationssimilar to those that we had identified in the context of
of the interferenceor diffraction) maxima(or minima. light.*#” Many students who gave correct answers seemed to
be aware that the pattern depends on the wavelength but did
not give correct explanations. Some of these students based
their arguments on the formulas for two-source interference
or single-slit diffraction, but often did not apply these cor-
rectly (e.g., used the formula for interference maxima to refer

Below, we discuss the performance of students on type & diffraction minima.
and type P questions and identify some specific difficulties. Whether or not they gave a correct answer, students who
Several different versions of each type were given. Wherlid not refer to the formulas rarely argued on the basis of
different versions were used in several classes at the sanséfferencesn path length. In the algebra-based course, about
level, the results were similar. Therefore, the different ver-15% explicitly stated that the interference or diffraction
sions have been treated as equivalent and the results at edfiRges are more closely spaced when gzehsfrom the slit

level have been combined. All questions were given aftefOr slits) to the screen lie closer togeth@.g., when the slit
standard instruction. spacing or slit width is decreasedany seemed to think of

the maxima(or minimg as arising from interactions taking
place along the entire path to the screen.

[ll. RESULTS FROM WRITTEN PROBLEMS AND
INTERVIEWS

A. Questions on changes in the slit width, slit separation,
or lattice spacing (type S
“Bright regions would move closer together because

, , there will be more chance of overlap between the
Table (@) contains results from written responses to ques-

tions of type S, in which the slit width, slit separation, or
lattice spacing is varied. The percentages given to the tables
in this paper have been rounded to the nearest 5%. This

crests.”[algebra-based courke

“The bright regions would get closer because the elec-
trons are confined to less spacg¢algebra-based courke

represents our best estimate of the generalizability of the data
among equivalent populations.
1. Performance of students In th_e quantum mechanics classe_s in whlch the context of
' the written question was electron diffraction from a crystal
The first three columns in Tablda) indicate that about lattice, about 25% of the students did not use the given equa-
35% of the students in the algebra-based course and abotitvn for Bragg scattering or refer to differences in path length
60%—-65% of the modern physics and quantum mechanicsr phase. Some of these students correctly stated that a
students gave correct answers for electrons. The corresponsimaller lattice spacing would bring adjacent beams of scat-
ing percentages of students in these courses who gave correeted electrons closer together, but indicated that this change
explanations ranged from about 5% in the algebra-basedould not affect the angles at which the most intense scat-
class to about 25%—-35% in the other classes. As the fourttering would occur(All quotes are from written responsgs.
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Table Il. Results from type P questions on diffraction or interference of electrons in which students were asked
to predict the effect on the positions of the maxifpaminima of changing the speed or kinetic energy of the
particles. Questions were administeréa): post-lecture instruction an) post-tutorial instruction. Questions
about the effect of changing the velocity or kinetic energy were not given in all of the clfBsesentages have

been rounded to the nearest 3%.

Algebra- Modern physics/ Calculus-
Type P Questions based quantum mechanics based
course courses coursé
% (N) % (N) % (N)
(a) Post-lecture instruction (N=103) (N=152) (N=169)
Correct responses 20% (21) 40% (64) 30% (48)
With correct reasoning 10% (10 30% (47) 10% (15
(b) Post-tutorial instruction (N=43) (N=96)
Correct responses 70% (30 75% (74)
with correct reasoning 65% (29 65% (63

&Students in the calculus-based classes had previously completed a series of tutorials on physical optics.

“ 6 shouldn't change— the lattice structure hasn’t chain is required to compare the kinetic energies of particles
changed any: just the possible atoms to scatter off of.”of different mass that produce the same fringe spacing.
[quantum mechanics coulse

“[The angle to the first minimum jsmaller—the inci- 1. Performance of students
dent electrons will ‘fit'" through the layers at smaller

angles....”[quantum mechanics coufse In Table ll(a) is a summary of the results on type P ques-

tions in which students were asked to predict the effect on
. the pattern of varying the accelerating voltage, speed, or ki-
3. Commentary on performance of students in calculus-  netic energy of the electrons. In Table(#) are results from

based physics the type P questions in which the electrons are replaced with

Typically, we would expect students in the calculus-base articles of different mass. The errors made by students at all
' gvels of instruction were similar in nature. There was some

course to perform at about the same level as students in the*>"> . :
yariation, however, in the frequency of particular errors

algebra-based course and not as well as students in mo , .
among the different classes. For example, as can be seen in

advanced courseflt has been our experience that results on ble I h ¢ stud h
many conceptual questions are similar in the calculus-baselP!® (@, the percentage of students who gave correct an-
wers and used correct reasoning to relate the de Broglie

and algebra-based courdés.However, the calculus-based S o _
g <85 velength to the speed or kinetic energy varied from about

classes did significantly better than the algebra-based clags” "~" he alaebra-based and calculus-based
and also apparently better than the modern physics and quan®?0 1N the algebra-based and calculus-based courses to

tum mechanics classdSee Table (g).] about 3%% in the modern physics and quantum mechanics
In an effort to account for the high success rate of student€OUrses. .
in the calculus-based class, we examined the performance of 1€ Students in the calculus-based course performed at
students in other calculus-based physics classes who had 220Ut the same level as the students in the algebra-based
sponded to a similar question on the diffraction and interferCOUrse on the type P questions. Although the students in the
ence of light. About 95% of the students gave a correct antalculus-based course had worked through the tutorial series
swer for light, with 65% reasoning correctly. The calculus- " Physical optics, that experience does not seem to ha\{e had
based course at the University of Washington includes gnuch effect on their performance on the type P questions.
series of tutorials on the diffraction and interference of €Y had, however, performed much better on the type S
light.X The students in this course who were given the elecduestions, which involve changes to the slit width, slit sepa-

tron diffraction question had recently worked through thesd@tion, or lattice spacing. The primary difficulties that these

tutorials. We have found that student performance does notudents(@nd the students in the other coupskad in an-
vary much in sections of the same course in the same otWerng the type P questions indicated a failure to relate the

different academic quarters. Therefore, we attribute the beljje Broglie wavelength to the mass and momentomve-

ter performance of the calculus-based physics class on t geity) of a particle.
guestion involving electrons to the tutorials they had worked

through earlier in the academic quarter. 2. Identification of specific difficulties

Analysis of the reasoning given by the students enabled us
to identify some common difficulties with the de Broglie
wavelength. We have organized these into three broad, over-

Many students who gave correct answers to type S quesapping categories(a) failure to recognize the relevance of
tions did not do so for type P questions. They did not seem téhe de Broglie wavelength to the interference or diffraction
realize that changes in the speed or type of particle coulgattern of particles(b) failure to relate the de Broglie wave-
affect the momentum, which would affect the de Broglie length to the momentum of particles, afa failure to treat
wavelength. This chain of reasoning is necessary to deteparticles with and without mass different(in the nonrela-
mine whether the pattern would change. A similar logicaltivistic limit).

B. Questions on factors affecting the de Broglie
wavelength of the incident particles(type P)
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Table Ill. Results from type P questions on diffraction or interference of electrons in which students were asked
to predict the effect on the positions of the maxiG@a minimag of replacing electrons with other particles.
Questions were administereth) post-lecture instruction antb) post-tutorial instruction[Percentages have
been rounded to the nearest §%.

Algebra- Modern physics/ Calculus-
Type P Questions based quantum mechanics based
course courses coursé
% (N) % (N) % (N)
(1) Post-lecture instruction (N=103) (N=195) (N=169)
Correct responses 20% (21 35% (68) 20% (36)
with correct reasoning 5% (5) 25% (46) 10% (14
(2) Post-tutorial instruction (N=103)° (N=45) (N=96)
Correct responses 85% (85 65% (29 65% (63
with correct reasoning 65% (66) 55% (25 55% (53

&Students in the calculus-based classes had previously completed a series of tutorials on physical optics.
PEvidence from other researdHiscussed in the papesuggests that the version of the question given post-
lecture and post-tutorial in the algebra-based course was easier than that asked in the other courses.

The primary focus of this investigation was on studentrecognize that the momentum would decrease and thus that
understanding of the wave nature of matter. The questionthe de Broglie wavelength and the spacing of fringes in the
that the students were asked referred only to the locations gfattern would change.
the fringes. Some students, however, spontaneously stated .
that there would be a change in the intensity of the pattern or S0, if neutron replaces electron, the| [decreaséds
in the rate at which it was formed. Student understanding of ~ Thus the bright region will become dimmer while show-

these other aspects of the pattern was not probed. ing the same pattern.[algebra-based courke
a. Failure to recognize the I’elevanC_e Of the de Broglie “Since the neutrons’ masses are so much greater than
wavelength to the interference or diffraction pattern. those of the electrons, the neutrons would have to be

Many students failed to recognize that a change in the speed moying much slower than the electrons were initially.
or mass of the incident pa_rticles W(_)uld affect_ t_he positions of  gjnce the neutrons would be moving to the order ot 10
the interferencetor diffraction) maxima (or minima. They times slower, again there would be fewer particles strik-
often claimed explicitly that the locations of the frlrjges ing the screen each second.... The pattern would remain
would not (_:hange. Some of these students had recognized on ;, the same form as befofgicture shown above, except
the preceding type S question that the pattern depends on the a lot dimmej.” [modern physics coure
wavelength of the incident particles. However, these students '
made no reference to the de Broglie wavelength in their an-  « [The only differencg is the rate muons go.. No
swers to the type P questions about whether certain changes change in intensity, just takes longer to make pattern.”
involving the particles would affect the pattern. [quantum mechanics couflse

(1) Questions on varying the accelerating voltage, speed,
or kinetic energy of the electrondlany students treated the  b. Failure to relate the de Broglie wavelength to the
spacing of the maxim#&or minima as independent of the momentum. Some students recognized that the de Broglie
speed of the incident particles. They seemed to think of thevavelength was relevant but treated it as a fixed property of
pattern as only a function of the slit spacifmy width) and  the particle. They predicted that the maxirf@ minima
independent of the motion of the patrticles. They did not, orwould remain in the same locations as before under the
their own initiative, relate changes in the velocity to changeshanges proposed in the type P questions. These students did
in the momentum and thus to the wavelength. not realize that the de Broglie wavelength is a function of the

. . ) ) momentum(and hence the velocityof a particle. This type
[Incr_easmg Fhe sp_eédwll not change the location of ¢ reasoning was common in all of the classes.
the bright regions since the slits which cause the refrac-

tion [sic] do not change.’'[algebra-based courke “It doesn’t matter what the speed of the electrons is, the
wavelength stays the same and the same pattern is

“[If the speed is decreased, then the minimvauld stay produced—no change [algebra-based courke

in the same location. The location of the minima is not
dependent on the speed of the electrons, if anything the “[The diffraction minima stay at the same location.

screen would be dimmer overall.'[calculus-based Even at lower speeds, electrons still exhibit wave-like
coursd motion. As long as its wavelength stays the same, the

) ) ) ) pattern should stay the samg.¢alculus-based courke
(2) Questions on replacing the electrons with different

particles Failure to relate the pattern to the de Broglie wave-  “[The diffraction minima stay at the same locations: |
length was especially apparent when students tried to predict don’t think that slowing the electrons down would
the effect of replacing electrons with heavier particles of the change anything. We've been comparing electrons to
same kinetic energy. Many students stated explicitly that the light. We never took velocity into account when dealing
change would affect the velocity of the particles; yet they  with light, so the same should hold here[¢alculus-
decided that the pattern would not change. They failed to based courde
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Students often used equations such cssind=m\ or  conclude that the more massive particles must have a smaller
asinfd=mh in order to determine how a Change in slit Sepa-Wavelength. Although this is the correct answer, the reason-

ration d or slit width a would affect the locations of the [Ng IS Incorrect. . _
interference or diffraction fringes. However, many failed to  (2) Misuse of the relationship £hc/A. Many students
interpret “\” as a quantity that depended on the mass orreferred to the equation for the photon enery; hc/x, in
speed of the particles. Below are two examples. their responses to the problem on electron diffraction. They
tended to associate the energywith the kinetic energy of
[After writing and using the equatioasind=m\ for  the particle. Some claimed that increasing the mass of the
minima from a single slit of widtha] “Speed is not an incident particles would have no effect on the pattern since
influential factor in this event. If it werey would be the mass does not appear in the equation. These students
included in the single slit equations.[algebra-based @applied an equation that would be valid for relating the pho-
coursd ton energy to the wavelength of light but not for relating the
kinetic energy of a nonrelativistic electron to its de Broglie
“Nothing becausdthe patterf is independent from the wavelength. They failed to recognize that the relationship
speed. It will stay the sameasing=m\.” [calculus- E=hc/\ holds only for massless particles.
based courde

Failure to treat particl ith and without dif IV. DEVELOPMENT OF THE TUTORIAL WAVE
¢. Failure to treat particles with and without mass dif- 50 ~pERTIES OF MATTER

ferently. Students in all of the classes used inappropriate
equations to relate the wavelength of the electr@mnsother The student difficulties illustrated above are prevalent and
particleg to velocity or kinetic energy. In particular, many apparently persist beyond the first or second exposure to the
applied certain relationships that are valid for lighhd for  material. This finding is consistent with our experience that
other types of wavesbut not for matter. Rote use of formu- the study of advanced material does not necessarily deepen
las was common. Two examples are discussed below. conceptual understanding of topics taught at earlier leVels.
(1) Misuse of the relationship=\v. When attemptingto ~_ TO help students overcome.the difficulties that we identi-
relate the speed and de Broglie wavelength of an electrordied in this study, we used an instructional approach that has

many students used the equation \ », which relates phase P€€N shownégto be successful in the introductory calculus-
velocity, wavelength, and frequency. They tended to identify?@S€d Course. The basic procedure is to make incremental,
the phase velocity in this formula with the velocity of the but intellectually significant, modifications to the treatment

particle. Students rarely articulated what they believed th(?f a given topic through the development of research-based

1 . utorials. The primary purpose of the tutorials is to engage
frequency v represented W'th regard t? electrons”or Otherstudents actively in the learning process. The emphasis is on
particles. A few seemed to interpret “frequency” as the

X L constructing concepts, developing reasoning skills, and relat-
number of particles that reach the screen per unit time. 9 P ping 9

; ' . ) ing the formalism of physics to real-world phenomena, not
(i) Questions on varying the accelerating voltage, speedyy'transmitting information and solving end-of-chapter prob-
or kinetic energy of the electronabout 25% of the students |omg The tutorials are intended to supplement standard in-
in the algebra-based course and about 20% of _those in th&ryction by lecture, textbook, and laboratory.
calculus-based course incorrectly used the equatioR v to Many of the tutorials make use of an instructional strategy
predict that increasing the speed would cause an increase ifat we have found effective for addressing serious concep-
the wavelength of the electrons. Some modern physics angial and reasoning difficulties. The process can be summa-
quantum mechanics students also made this error. Rathered as consisting of three main stepslicit, confront,
than recognizing that the de Broglie wavelength is inverselyresolve'® Since a single experience is rarely adequate to
proportional to the momentum of the electrof@d thus overcome a serious difficulty that has been highly resistant to
inversely proportional to the spegdhey incorrectly pre- traditional instruction, students must be given repeated op-
dicted that an increager decreasein the speed of the elec- portunities toapply what they have learned in different con-
trons would result in a proportional increae decreaseof  texts, toreflect and togeneralize
the wavelength. A typical tutorial sequence consists of a pretest, work-
(i) Questions on replacing the electrons with different sheet, homework assignment, and a post-test. Each tutorial is
particles On questions in which students were asked to comPreceded by a pretest that serveselioit some of the con-
pare the velocity of electrons with the velocity of particles of ceptual and reasoning difficulties with the material that have
greater mass that produced the same pattern, some ignorBg€n identified by research or teaching experience. During
the difference in the masses. These students argued correcff}f Subsequent 50-min tutorial sessions, students work col-
that since the pattern is the same, the wavelength must be tfg0ratively in groups of three or four through worksheets

same. However, they then incorrectly used the rela’[ionshigeSig_lr_‘Gd t_olhhelp themloinfror.itandreso::/elspeci(i;ic difﬁCL."'f

_ . les. Tutorial homework assignments help students reinforce
U_)"f to predmt that the speed of the electrons and the mor nd extend what they have learned during the tutorial ses-
massive particles would have to be equal.

o . .sions. The material covered in the tutorials is post-tested on
Students often made a similar error on the questions i

Rourse examinations. Like the pretests, the post-tests empha-
which they were asked what would happen to the patter P ’ P P

. ; _ "8ize qualitative reasoning and verbal explanations.
when electrons were replaced with particles having the same

kinetic energy but different mass. Many correctly reasonedd. Context for development of the tutorial

on the basis of the kinetic energy mvzl) that the heavier  The development of tutorials by the Physics Education
particles would have a smaller velocity than the originalGroup takes place in an iterative cycle. Like all the curricu-
electrons. However, they then used the relationskip.v to  lum produced by our group, the tutorials are designed, tested,
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and revised with the target populations. Hartorials in In-
troductory Physicsmost of this process takes place in the
calculus-based course at the University of Washington. Since
the tutorials are an integral part of this course, there are many
opportunities for ongoing assessment. Pilot-testing at other
unlverS|_t|es and colleges pr0\_/|_des feedback t.hat can .be us%?g. 2. Photograph of a double-slit interference pattern used in the tutorial
to help increase the adaptability of the materials in differenty e properties of Matter
instructional settings.

The situation for the tutoriaWWave Properties of Matter

has been somewhat different from that described above . . - .
Modern physics is not usually treated in introductorythe angles to the interference maxima and minima in terms

calculus-based physics at the University of Washington©f the slit separation and wavelength. They are then asked to
(The classes discussed in this paper were exceplidas. determine the form.of their equations in the I|m'|t that the
though modern physics is taught in the algebra-based coursghgles are small (sig~6). They use these equatiofs.g.,
there is no tutorial system to facilitate repeated testing ofl@~mh for interference maximalater to quantify changes
curriculum in a systematic way. In the second-year and thirdin the pattern on the screen.
year course, the development and testing of a tutorial is de- The students are then shown two interference patterns, in
pendent on the interest of the individual faculty memberwhich the maxima and minima are slightly farther apart in
teaching the course in a particular academic quarter. the second than in the first. They are told to assume that only
Design and testing of the tutorial has taken place in theone change was made to the experimental setup. The stu-
context of a few classes at all four of the instruction levelsdents are asked whether a change in slit separation could
discussed in the paper: the introductory algebra-basefiave been responsible for the change in the pattern, and if so,
course, the calculus-based course, the second-year coursetén determine whether the slit separation would have in-
modern physics, and the third-year course in quantum mecreased or decreased. By reasoning on the basis of path
chanics. Although development has taken place over a perid@ngth difference, or by applying the equations that they have
of several years, the number of opportunities to test and rederived for the interference maxintar minima), they con-
vise the tutorial is relatively small. However, the preliminary clude that the slit separation would have decreased. The stu-
results are consistent and sufficiently promising to warrant glents are then asked whether a change in the wavelength

discussion of our instructional approach. could have been responsible for the change in the pattern,
and if so, to determine(a) whether the wavelength would
B. Description of the tutorial have increased or decreased, &ndwhether it would have

changed by a factor greater than, less than, or equal (& 2.
The tutorialWave Properties of Mattes designed to help specific numerical factor is used in anticipation of the next

students deepen their understanding of a wave model fqsart of the tutorial. By using the equations they derived for
light and extend it to a wave model for particles. An impor-small angles, the students determine that the wavelength
tant goal of the tutorial is to help students recognize thenust have increased by the same factor as the angles, and
relevance of the de Broglie wavelength and to apply it corthus by a factor of less than 2.
rectly in accounting for changes in the location of interfer-
ence fringes. It is also intended to help students overcome
some specific difficulties with the de Broglie wavelength that2. Consideration of double-slit interference of electrons

do not seem to be adequately addressed by the standard treat- . .
ment of this topic. d Y y The second part of the tutorial deals with electrons that

The tutorial is preceded by a prete&the questions de- have been accelerated from rest through a known potential

scribed earlier served as pretests for the classes in this studylifferenceVo and are incident on two very narrow slits. The
The tutorial worksheet consists of two main parts. The first isStudents are shown a photograph of the pattern on a phos-
in the context of double-slit interference of light; the secondPhorescent screen placed far from the slits. They recognize
is in the context of double-slit interference of electrons. Inthat the presence of maxima and minima suggests that the
the first part of the tutorial, a series of questions helps stuéléctrons are exhibiting wave-like properties.

dents review relevant concepts from physical optics, such as 1he students are asked to predict how, if at all, the loca-
superposition and path length differentar phase differ- t|on§ of the interference maxima wquld change if the accel-
ence. In the second part, the students make an analogy bé&rating voltage/, (and thus the kinetic energyvere halved.
tween double-slit interference of light and of electrons. TheyThis question is intended telicit incorrect responses from
are led to recognize the relationship between the momentugfudents who have difficulty relating the de Broglie wave-
of the electrons and their de Broglie wavelength. The tutorialength of an electron to its speed, momentum, or kinetic

worksheet is supplemented by a homework assignment th&nergy. A specific numerical factor is given so that we can
provides an opportunity for additional practice and reflec-determine whether students attribute to the wavelength the

tion. correct functional dependence on the momentum. Various
. . . errors will lead to different predictions. One common error is
1. Review of double-slit interference of light to claim that the maxima would stay in the same place but

At the beginning of the tutorial, the students are shown éecome dimmer. Some students recognize that the speed of
double-slit interference pattern for lighiSee Fig. 2. They the electrons would decrease but incorrectly apply the equa-
are led to recognize that the light through each slit reacheon v=\v to predict that the wavelength of the electrons
the entire screen and that the fringes arise from constructiverould also decrease. Other students realize that the maxima
and destructive interference. The students are guided througtould move farther apart but predict that the angles to the
the reasoning required to derive the equations that expressaxima would increase by a factor of 2.
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Center of screen D. Assessment of the tutorial

Some of the written problems described earlier have
served as tutorial pretests in the classes included in this in-
vestigation. For post-tests, we have administered problems
similar in nature to the pretests but sufficiently different that
students cannot give correct answers on the basis of memo-
rization. We have compared the pretest and post-test perfor-
mance of students at all three levels of instruction. We have
also compared differences between pretest and post-test per-
formance at each level according to the class standing of the
studentglowest to highest quartiles
Locations of interference maxima Single-slit diffraction of particles has been the context for
i i l l l l l l l all but one post-test. Since the tutorial deals only with
v

double-slit interference, the students must extend what they
have learned to a different situation. In previous studies, we
had found that students often do not treat single-slit diffrac-
tion as an interference phenomerfohherefore, we decided
that diffraction would provide a sufficiently different context
for the post-tests.

As was the case with the pretests, each post-test consists
of two or more questions. The fireiype S asks students to
predict the effect on a given diffraction pattern of changing
Fig. 3. Figure from a student handout used in the tutdilalze Properties of  the slit width. One or more additional questioftgype P
Matter that shows_the interfergnce patterns made by electrons before ar‘grobe their understanding of the de Broglie wavelength. The
after the accelerating voltage is halved. students are asked to predict the effect of changing the speed

or kinetic energy of the electrons, or of replacing them with
particles of different mass. As on the pretests, the terms

Next, the students are led tmnfrontany errors that they “wavelength” and “de Broglie” wavelength are not used.
may have made in their predictions. They are given photo- The amount of time devoted to the de Broglie wavelength
graphs that show the interference patterns made by electroivgried in the classes involved in this study. In some cases,
before and after the accelerating voltage is haly8ee Fig. the tutorial replaced a lecture on this topic. In other cases,
3.) By comparing the photographs, they observe that halvingise of the tutorial resulted in students spending additional
the accelerating voltage causes the angles to the interferengige on the de Broglie wavelength-50 min in tutorial plus
maxima to increase by a factor that is less than 2. time spent on the homeworkThe post-test results were

Finally, the students are given the opportunityrésolve ~ similar in all cases and have been combined.
any inconsistencies between their original predictions an
the photographs. On the basis of the patterns shown in th
photograph and the equati¢in the small-angle limjtfor the In all courses, there was an improvement on the type S
interference maxima, the students infer that the wavelengthuestiongin which changes were made to the slit width, slit
has increased by a factor of less than 2. They then determirseparation, or lattice spacingSee Tables (k) and (b).]
that halving the accelerating voltage causes the kinetic erMany of the students seemed to have overcome the specific
ergy to decrease by a factor of 2 and the momentum to dedifficulties that we had tried to addre&s.
crease by a factor of less than 2. Thus the students confirm The percentage of students answering the type S post-test
that the increase in wavelength and decrease in momentugquestion correctly was greatest in the calculus-based classes.
are consistent with the definition of the de Broglie wave-About 95% answered correctly, with about 90% giving cor-
lengthA =h/p. rect reasoning.See the fourth column of Tablghl).] These

students had previously worked through the tutorial series on

physical optics* The brief review of double-slit interference
C. Use of the tutorial in the Wave Properties of Mattetutorial apparently helped

them apply what they had learned in the context of physical

The tutorialWave Properties of Mattewas used in some- optics to the case of interference or diffraction of particles.
what different ways in the four courses involved in this The students in the algebra-based classes and in the modern
study. In the algebra-based and calculus-based courses, thRysics and quantum mechanics classes also seemed to ben-
pretest was given in the first 10 min of one of the lecturesefit from the review of double-slit interference at the begin-
The tutorial itself was conducted during a subsequent 50-miming of the tutorial. The percentages of correct responses in
small-group session, in which students worked collaborathese courses ranged between 60% and 85% with the per-
tively in groups of three or four. As the students progresse@entages giving correct reasoning between 40% and 65%.
through the worksheets, the tutorial instructors helped guide
them through the necessary reasoning by asking additiona| . .
guestions. '?’he procedure w)f';ls similar ign tr):e modgrn physic%‘ Comparison of results for type P questions
and quantum mechanics courses, but the 10-min pretest andThere was an improvement in student performance on
the tutorial both took place in a lecture hall during the timeeach of the type P questions. Tablé)lgives results from
period that ordinarily would have been devoted to a 50-mirthe questions in which changes are made to the accelerating
lecture. voltage, speed, or kinetic energy. Table()l gives results

. Comparison of results for type S questions
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from the questions in which the electron is replaced by asignificant portion of the students from the top, middle, and
particle with a different mass. The modern physics and quanbottom parts of all the classes answered the post-test cor-
tum mechanics classes are combined in each table since theg@ctly. Similar trends were observed in all the classes.
performance was similar. In the algebra-based course, only Our informal observations of students indicate that even
the question on replacing electrons with particles of differentstudents who respond correctly on the pretest appreciate the
mass was given as a post-test. In all other courses, differehallenges presented in the tutorials. As they struggle with
versions of both the type P questions have been asked befotfee subtleties, they arrive at a deeper conceptual understand-
and after tutorial instruction. Since the results from the vari-ing than they would have otherwise. We have noted a similar
ous type P questions are similar, only the version in whicheffect on the graduate students who serve as instructors in the
the mass of the incident particle was changed are discussédtorials?
below (Table IlI).

In the algebra-based class, only about 20% of the students
had answered correctly on the pretest after standard instruy- CONCLUSION

tion, with about 5% giving correct reasoning. After working . . o
through the tutorial, about 85% answered correctly, 65% Helping students understand the wave—particle duality is

with correct explanations. The students in the calculus-base@! important goal of instruction in modern physics. As a

course had performed similarly to the algebra-based courdd€requisite, students must be able to apply a basic wave
on the pretest. About 20% had answered correctly, 10% WitﬁnOd?I to account for wave phenpmeng, SFJCh as diffraction
correct reasoning. On the post-test, about 65% answered cdild interference. In the present investigation, however, we
rectly with 55% giving correct reasoning. The percentage ofound that many students in first-year, second-year, and
students answering correctly in the modern physics andhird-year physics courses had not developed this ability dur-

quantum mechanics classes rose from 35% on the pretest their study of physical optic_s. Another prerequisite that
about 65% on the post-test. When reasoning is taken int ey lacked was an understanding of the role of the de Bro-

account, the percentages for these classes increased fréffe Wavelength. At all levels of instruction, many students
about 25% to about 55%. Id not recognize its relevance to the diffraction or interfer-

Students in all the classes seemed to have benefited frofffic€ Pattern or understand the dependence of the de Broglie
the tutorial. From Table IIl, it appears that the gain in the'V@velength on the momentum. Instead, they tended to treat
algebra-based course is greater than that in the other coursb§ de Broglie wavelength as a fixed property of a particle.
and that the students in the calculus-based courses performed he tutorialWave Properties of Mattewas developed to
as well on the post-test as those in the modern and quantuErf"IIO students learn to apply the de Broglie wavelength to

physics courses. There are several possible explanations. Vigcount for the locations of the maxintar minima in an
ivelnterference(or diffraction pattern and to recognize the de-

ndence on the momentum. In the present investigation, we
entified specific student difficulties with the wave model
or matter and with the relationship of the de Broglie wave-

as a post-test in the algebra-based course is somewhat eadh
than the versions given in the other courses. That version h%

also been given as a pretest in a calculus-based S o ! e i~
g P Glts gth to the model. This information was crucial in guiding

discussed in this paper since the students had not been givi desi ¢ . 4d i d difficul
a post-testand about 45% of the students gave correct an"€ design of strategies to address specific student difficul-

swers. Another possible factor is that in the aIgebra—baseHeS'

and calculus-based courses discussed in this study the tuto-'" @l classes that worked through the tutorial, there was an
rials were an integral part of the course. The students halfProvement in performance on questions that probed stu-

worked through several other tutorials prior to working.e”t understanding of these issues. The relatively short time

through the tutorialWave Properties of Matteand had done nvolved seems to have helped students overcome the diffi-
so in a room with small tables at which they could work culties that the tutorial was designed to address. Students of

easily in groups of three or four. In the modern physics andiifferent academic achievement and at all levels of instruc-

quantum mechanics classes, the tutovidve Properties of tionhbefnefiter(]j. il | btained f h .
Matter was the first one used in the class. Moreover, because | N€ fact that similar results were obtained from the vari-
the pretest was given immediately before the tutorial, theé?US classes that participated in this study suggests that it was

students had only 40nstead of 50 min to work through the not the time spent on task that determined the outcome. Nor
tutorial. Also, the tutorial took place in the lecture hall, Was class size critical. Both of these inferences are supported

where it was difficult for the students to work together andPY résearch on student understanding of topics other than the

for the instructor to engage them in small-group discussiongl€ Broglie wavelength. At the University of Washington, the
tutorials have replaced one lecture each week. At other col-

leges and universities, the tutorials have replaced problem-
solving sessions. In both situations, there is evidence that

We have tried to assess the effectiveness of the tutorial ostudents who have worked through the tutorials have devel-
students of different background and ability in physics. Weoped a deeper understanding of the relevant material than
divided each class into three groups according to academitiose who have nét:?® Other investigators have similarly
achievement in the course: the top 25%, the middle 50%, anfbund that the time spent on a task is not the determining
the bottom 25%. The criterion was performance on homefactor, even when the lecturer has explicitly tried to address
work and examination questions on material not specificalljknown student difficultie$?

3. Effect on students of different academic achievement

covered in the tutorialWave Properties of MatteWe then It has been our experience that serious conceptual difficul-
examined the pretest and post-test performance of studentsties are seldom overcome through listening to lectures and
each group. solving standard problems. We have found that an effective

Students who answered the pretest incorrectly were fronmstructional approach is to require students to go through the
all academic levels. After working through the tutorial, a chain of reasoning necessary for the development and appli-
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