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In order to probe various aspects of student understanding of some of the core ideas of quantum
mechanics, and especially how they develop over the undergraduate curriculum, we have developed
an assessment instrument designed to test conceptual and visualization understanding in quantum
theory. We report data obtained from students ranging from sophomore-level modern physics
courses, through junior–senior level quantum theory classes, to first year graduate quantum
mechanics courses in what may be the first such study of the development of student understanding
in this important core subject of physics through the undergraduate career. We discuss the results
and their possible relevance to the standard curriculum as well as to the development of new
curricular materials. ©2002 American Association of Physics Teachers.
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I. INTRODUCTION

Have you ever heard anyone in physics, perhaps e
yourself, say something like this? ‘‘You know, I never really
understood that until the third time I saw it, probably in gra
school.’’ Even if one does not specify the exact topic in
volved in such a statement, many students who have
gressed through a typical undergraduate curriculum and g
on to graduate study~and perhaps even beyond! in physics
can easily think of many subjects in any of four core are
classical mechanics, electricity and magnetism, statist
mechanics and thermodynamics, and quantum mecha
which might be the subject of such a wistful comment. O
reason this is true is that there are any number of stan
topics in these areas that are treated, with varying degree
sophistication and/or approached with varying levels
mathematical machinery, first at the introductory lev
~sometimes in large lecture courses or otherwise!, once more
in specialized, junior–senior courses for physics majors,
yet again in the first year of graduate study.

While there are an increasingly large number of edu
tional studies which focus on student conceptions~or alter-
native conceptions or misconceptions! of a specific set of
topics at a given curricular level, there are far fewer attem
at probing how students’ understanding of common or c
topics in a given discipline evolve over the course of a ty
cal undergraduate career. As part of an NSF-funded proj1

to develop modern web-based instructional materials rela
to undergraduate quantum mechanics, we have also bee
ploring the development of student understanding in so
selected areas of quantum theory and how this evolves
the course of a typical undergraduate physics majors exp
ence. We have not been able to find any similar studies in
physics pedagogical or science education literature, so
may well be the first detailed examination of how an incre
ingly important component of a physics major’s training a
fects their understanding in a core area over an entire un
graduate career.
238 Am. J. Phys.70 ~3!, March 2002 http://ojps.aip.org/a
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In order to obtain benchmark data to use to test the e
cacy of any new quantum mechanics pedagogical mater
as well as to better inform our own development of we
based instructional modules, we have developed and tes
conceptual assessment instrument2 which has now been
given to over 160 students at our institution during a rec
three semester period~Fall 1999, Spring 2000, and Fa
2000!. The test, which we call the Quantum Mechanics V
sualization Instrument, or QMVI, focuses on conceptual a
visualization understanding and we have used this surve
probe student understanding of a subset of quantum mec
ics core ideas at various stages of what we feel is a fa
typical undergraduate career, at least in an American coll
or university environment.

After briefly describing, in Sec. II, our motivations in se
lecting the particular areas of interest on which we have
cused, we proceed in Sec. III to discuss the developmen
the QMVI. We then provide, in Sec. IV, a preliminary item
analysis using data obtained from students in a sophom
level modern physics course, a junior–senior level quant
theory course~mostly for physics and astronomy majors!, a
first-year graduate course in physics, as well as a o
semester graduate level introduction to quantum chemis
Using these data, we briefly discuss in Sec. V the impli
tions these results might suggest for the standard undergr
ate curriculum as well as the impact this study has alre
had on our own plans for the development of educatio
materials. Finally, in Sec. VI we discuss our conclusions a
prospects for future physics educational research~PER! in
this area.

II. MOTIVATION FOR THE QMVI

In studying student understanding in any area of the ph
ics curriculum, it is natural to focus on a rather specific a
well-defined core content area and student population,
Newtonian mechanics as taught in calculus-based introd
tory physics courses. The development of evaluation to
238jp/ © 2002 American Association of Physics Teachers
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such as the well-known Force Concept Inventory or other
the area of classical mechanics3 or similar ones in fields such
as electricity and magnetism4 have benefited from using re
peated testing and study of individual test items, given
large numbers of students, most typically in introducto
courses, where one expects the curriculum to be relativ
well defined.

If we wish to probe student understanding in a spec
area over the entire undergraduate career, we would lik
focus on a set of topics which appear repeatedly through
a standard curriculum, even~or perhaps especially! if they
recur, couched in increasingly more sophisticated levels
mathematical formalism. We also wished to concentrate
areas which had not been studied so extensively in the P
literature, but which are clearly of importance in the und
graduate and graduate curricula. We have chosen to focu
the development of students conceptual understanding
core topics in quantum mechanics, especially as eviden
by their visualization skills, and we will briefly explain ou
motivations for choosing this content area and approach

A. Why quantum mechanics?

While many subjects in classical mechanics or electric
and magnetism are definitely covered several times in a t
cal undergraduate and first-year graduate curriculum, one
argue that the core material of an introductory course
quantum theory may be seen in more different contexts t
any other topic. Starting from the last few chapters of ma
introductory texts~which may include discussions of matt
waves, particle in a box quantization, and even applicati
to modern devices!, students are typically exposed to a re
tively common set of ideas in a sophomore level mod
physics course, and likely exposed again in a junior–se
level quantum theory course if they are physics or astrono
majors. These courses, in turn, are often the prerequisite
applications courses covering such topics as solid state p
ics, atomic and molecular physics, and nuclear and par
physics, all of which make extensive use of many aspect
quantum mechanics. Much of the same core material is s
yet again~or at least assumed! in a first-year graduate cours
or sequence. An undergraduate, therefore, might easily
for example, the infinite well used as a pedagogical exam
or a model physical system5 in up to five courses before h
or she graduates. Given the increasing impact that quan
mechanical ideas have on technological applications, i
unlikely that the importance of the concepts and model s
tems so often covered in the standard undergraduate cur
lum can be understated.

Another issue which makes tests of student understan
of quantum mechanical concepts highly relevant is the m
ner in which quantum ideas are sometimes perceived
and/or described to undergraduates. While there are cle
many lingering student misconceptions about classical
chanics and E&M, these topics are seldom, if ever, descri
by adjectives such as weird or strange in the same way w
is so common for quantum mechanics. Students are o
sionally encouraged to approach the subject with the i
that it is almost impossibly difficult to understand and tha
is so completely different from other branches of physics t
ones intuition is of little or no use. There are, of course ma
semiclassical connections~WKB methods, wave packet mo
tion, etc.! which can help bridge the gap between the clas
cal and quantum worlds and which can presumably help
dents focus on the more truly radical aspects of quan
239 Am. J. Phys., Vol. 70, No. 3, March 2002
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mechanics rather than on such fairly straightforward asp
as, for example, the shape/form of quantum wave functi
in a potential well. We choose, to a large extent, to focus
these and related classical connections as not all undergr
ate curricula emphasize the most radical aspects of quan
theory, while most standardly used texts do make contac
some extent, with classical mechanics.

The importance of this relationship to classical ideas c
also be justified as it is also a subject of much current
perimental research involving effects such as wave pac
revivals ~which can be experimentally observed, for e
ample, in Rydberg atoms6!, a topic which has been exten
sively discussed in the pedagogical literature7–9 in a manner
which is readily accessible to undergraduates at this le
This classical connection is also motivated by earlier P
studies which show that student misconceptions about
lated classical concepts10–14 can carry over to similar quan
tum mechanical model systems.~Student misconception
which are more specific to quantum15 or wave16 mechanics
can also be used to inform such studies.! Inspired by all these
issues, we have chosen to include a significant componen
problems which focus on this classical–quantum connect

One special instance of an overlap between the quan
and classical descriptions which we include is t
momentum–space description of quantum theory. This
pect not only has connections to classical mechanics wh
are nicely complementary to that of the more stand
position–space formulation, but also is of increasing r
evance to experimental realizations of quantum systems
pecially in situations involving scattering, in such areas
solid state, nuclear, and particle physics.

Finally, there are a wide variety of approaches to t
teaching of quantum mechanics, even at the undergrad
level. A quick electronic search of our institution’s fine l
brary collection for the keywords classical mechanics, el
tricity and magnetism, and then quantum mechanics finds
30, and 57 entries, respectively, with similar ratios for oth
standard descriptions of books on these topics. While m
of the classical mechanics and E&M books are found to h
relatively similar approaches, the variety of styles and e
phases in the textbooks on quantum mechanics is m
larger. Texts which focus on very formal aspects of the s
ject ~starting with the formalism of spin systems, Hilbe
spaces, and the like! are available, as are many exampl
which focus on the Schro¨dinger equation approach. Som
texts include many physical examples, including ones m
ing direct, sometimes numerical connection to experimen
results, while some provide few, if any, physical insights. S
compared to other subfields, there is seemingly an e
wider array of possible topics which one might consider
constituting the core ideas, and so research in as wid
variety of such topics as possible will be useful.

For example, one recent survey17 has focused on studen
understanding of topics such as quantum measurem
theory and time evolution of quantum states, both discus
in a rather formal manner, and focusing on students at
end of a full-year upper-level course. To complement su
research, in our study we have focused on more concep
and nonformal aspects of quantum mechanics, but have
tentionally included some material on the time developm
of wave packets, in a more physical and less mathema
fashion, even including some semiclassical aspects, in o
to make contact with such studies, but addressing these
portant issues from a different point of view.
239E. Cataloglu and R. W. Robinett
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B. Why conceptual understanding?

As mentioned above, many of the differences between
presentation of the core ideas of quantum mechanics at
ous levels throughout the undergraduate and graduate
riculum are related to the increasing level of abstracti
mathematical sophistication, or calculational formalism us
Students in a sophomore-level modern physics course,
example, will almost certainly not have been exposed to s
important topics as perturbation theory, variational metho
operator techniques and the like. In a similar way, appli
tions of quantum mechanics ideas to topics such as s
state physics, atomic, or nuclear/particle physics are m
more often left to the discretion of the instructor or the fo
mat of the text used in such a course. While forming
important part of the undergraduate curriculum, such top
are often considered separate from the core ideas themse
For example, the GRE® in Physics Study Guide~Ref. 33!
lists the percentages of questions asked in two recent tes
Atomic physics~10%!, Quantum mechanics~10%!, andAd-
vanced topics~nuclear and particle physics, condensed m
ter physics, etc. ~9%!, so that the core ideas of quantu
theory are explicitly separated out from areas of applicati

Tests which focus on the development of conceptual
derstanding have a much better chance at determining
basic ideas change over the undergraduate curriculum, i
pendent of specific applications to which students may
may not have been exposed. The focus on conceptual is
is also a way to focus attention on the core concepts
separate them from the various levels of mathematical
phistication used to study them as students progress. In
same regard, the use of visualization as a method of pro
student understanding, while interesting in its own right, c
also be used to shift the focus away from the more abst
mathematical methods used later in a students career.

C. Why visualization?

One aspect of the presentation of the core materia
many undergraduate courses which has changed dramat
over the last 50 years18 has been the increased ability
present numerically exact calculations of a wide variety
solutions to quantum mechanical problems, not just a
mathematically tractable and exactly soluble closed-fo
special cases. Many of the most recent examples of mo
course materials,19–24 including not just textbooks, bu
especially specialized software, now allow students to vi
alize the results of more sophisticated examples, includ
both multidimensional systems and time-depend
phenomena.25,26Since students are now much more routine
exposed at a very early stage, even in their introductory m
and physics courses, to more sophisticated graphical an
sual representations of experimental data, solutions to di
ential equations, and the like,27 new pedagogical material
such as these will almost certainly have an impact on h
quantum mechanics courses are taught. Therefore, dat
visualization skills for testing the effectiveness of such n
materials will likely be of increasing importance.

As if to emphasize this, the National Science Foundatio28

has noted that visualization is a form of communicati
which transcends application and technological bounda
and that visualization can be an important tool for scient
understanding and learning. Educational research has po
to the advantages of visualization in developing scient
understanding by providing more opportunity for students
240 Am. J. Phys., Vol. 70, No. 3, March 2002
e
ri-
ur-
,
.

or
h

s,
-

lid
h

n
s
es.

as

-

.
-
w
e-
r
es
d

o-
at

ng
n
ct

in
lly

f
w

rn

-
g
t

th
vi-
r-

w
on

s
c
ted
c
o

establish connections with pre-existing knowled
structures.29–31 It has also been pointed out32 that scientists
routinely use visualization to translate data into pictures
various kinds, looking for consistent or inconsistent patter
much as is done in standard ‘‘what’s wrong with this picture’’
type of graphical questions.

Are students already expected to have a more soph
cated appreciation of the visual representation of data or c
cepts? One example of such a likely need can be see
standardized tests of undergraduate physics knowledge,
cifically the GRE®. Sample GRE® Physics tests are availabl
~published by the Educational Testing Service itself! for sale
and are eagerly studied by many junior and senior phy
majors intending on pursuing graduate degrees. A sampl
three such tests,33 from the years 1985, 1991, and 199
shows a pattern of increasing use of graphs and figures,
in the statement of questions as well as in the multiple cho
solutions themselves. For example, for those three years
number of questions which rely on graphs or figures~either
conceptual or with data! ranges from 22 to 33 to 31, while
the number of individual questions for which the actual m
tiple choice answers consist solely of different graphical i
ages increases from 1 to 3 to 5.

Motivated by factors such as these, we have focused
the visualized representation of conceptual problems
their solutions in the development of the QMVI. In the ne
section, we describe how the topics and approaches we
to emphasize, namely~i! conceptual understanding of th
core ~modern physics level! quantum mechanics materia
~ii ! connections to classical mechanics,~iii ! understanding
via visualization, and~iv! extensions of standard ideas
more modern areas such as two-dimensional systems
time-dependent phenomena, and the overlaps of these
areas, were implemented in the QMVI.

III. CONSTRUCTION OF THE QUANTUM
MECHANICS VISUALIZATION INSTRUMENT
„QMVI …

Motivated by the factors described in Sec. II, we beg
construction of a quantum mechanics conceptual assess
instrument by making an informal survey~using information
readily found on the web! about topics covered in standar
modern physics and junior–senior level quantum mecha
courses, and popular textbooks used in support of thes
many American colleges and universities. Using recent e
tions of frequently used standard modern phys
textbooks34–37 and other more innovative examples,38 we
identified topics typically covered in the 4–7 chapters d
voted to basic quantum theory in these texts, especially
one-dimensional, nonrelativistic quantum mechanics. Th
include the probabilistic interpretation of the Schro¨dinger
wave function, properties of solutions of the Schro¨dinger
equation~including correlations between the amplitude a
wiggliness of the wave function and the potential ener
function, allowed forms for solutions in simple cases, inclu
ing the infinite well, quantum mechanical tunneling and b
rier penetration, etc.!, the uncertainty principle and the Pau
exclusion principle. These content areas were also exam
by various physics faculty members who have taught
evant courses in the recent past.~Graduate students from
education were also asked to review the final version of
exam questions, for language and general readability.!
240E. Cataloglu and R. W. Robinett
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We then formulated versions of questions, almost all
volving visualization, dealing with all of these topics,
some cases including two complementary versions to ch
for consistency. For example, a rather typical proble
QMVI @15# ~in a hopefully obvious notation!, is similar to,
but more focused than, one of the more challenging~and
open-ended! end-of-chapter problems in Refs. 35 and 3
dealing with an asymmetric infinite well; in the same spir
both QMVI@16# and @19#, which ask about a slanted infinit
well, are similar to problems in Refs. 35, 36, and 38. W
included a few questions which focus on similar issu
~probability ideas and motion described using the poten
energy function!, but described in a classical context, to a
sess how students approached similar problems in a
quantum mechanical framework, motivated by earlier P
studies.11–13 We also included five questions~QMVI @21#–
QMVI @25#! which focus on less traditionally seen materi
including visualization of multidimensional wave function
and time-dependent phenomena, basically wave pa
propagation, to judge how well students could extend th
understanding to material often seen in more modern pre
tations as well as to make contact with earlier studies17 on
student understanding of the time development of quan
states. We note that in each case we have used numeri
exact representations of quantum wave functions, not
sketches, to ensure that the phenomena being illustrated
curately reflects real solutions of the Schro¨dinger equation.

The format chosen for each question was to have a si
question on one page, with five multiple choice answe
Ample space was also provided for a required 2–3 line w
ten response and students were also asked to denote
confidence level in their answer by circling a response ra
ing from very certainto very uncertain. Students in all of the
studies performed so far have been given the same ins
tions and graded in the same manner, namely they are
that they will receive 2 points for a correctly chosen multip
choice answer and 0, 1, or 2 points depending on the corr
ness and completeness of their written response. This~pos-
sibly more subjective! grading was all done by one perso
namely one of the authors~R.W.R.!, to assure uniformity, bu
who also used a grading rubric for assigning these points
this way, the maximum number of points per question is
and with our 25-item test the total possible score is 100
student who randomly guesses~circling random answers an
providing no written feedback! would thus have an averag
score of 10. WithN such students, the estimated stand
error of the mean would be 20/AN'5 for the sample sizes o
roughly N515– 20 ~per class! we have used. In a simila
way, we see that combined average scores of approxima
1065 % on an individual question indicate responses no b
ter than random guessing.

The administration of such assessment instruments is
done in as controlled environment as possible, ideally in
in-class exam situation. Due to the time constraints of
courses involved, and the varying syllabi of the instruct
who participated over the course of the study~seven different
faculty members in four different courses over a three sem
ter period!, however, we were unable to administer t
QMVI in this way. For reasons of consistency, as well as
ensure faculty involvement~in some semesters, faculty de
clined to participate!, in all of the tests performed so far th
QMVI offerings have been given in the form of an extend
take-home exam, most often for a small amount of ex
credit in the course, with very specific instructions to~i!
241 Am. J. Phys., Vol. 70, No. 3, March 2002
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work individually, ~ii ! to spend no more than 1–2 hours o
the test, and~iii ! to use no other resource than the textbo
used for the particular course involved~as each course ha
an assigned text!. Little or no evidence of collaboration
amongst students was seen~as evidenced by the written com
ments! amongst the responses.

The students agreed to have their grade information m
available to the authors as part of their investigation a
some information on the longitudinal development of ind
vidual students scores on the QMVI is therefore possib2

Students were not allowed to keep copies of the exam
only their overall score was reported back to them~as part of
the allocation of extra credit points! but not their answers on
individual items: in this way we feel that the test was rath
secure from one semester to the next.~Information on the
site where the QMVI can be downloaded has so far o
been available to interested physics instructors upon req
and was not publicly accessible on the web at any time d
ing the study.! The tests were given out at similar time
during each study, namely the last 1–2 weeks of the sem
ter, after the bulk of the instruction on one-dimension
quantum mechanics, but before the final exam period.

The first few versions were shown to various physics f
ulty colleagues and others who provided feedback an
complete version of a 25-question test~V0.3! was first given
to students in the Fall 1999 semester. Based on studen
sponses, especially their written feedback and explanati
and instructor comments, a slightly revised version~the one
currently in use, V0.4! was used in both the Spring 2000 an
Fall 2000 semesters and the results of that version will
discussed here.

Because of this format, motivated by our desire to obt
written feedback and confidence information, the exist
version is rather long and is not reproduced in its entir
here; two sample pages are shown in Appendix A as an
ample of the format. Both versions of the QMVI, the gradi
rubric we used to assign the written score points, worked
solutions, and other background material are all read
available at

www.phys.psu.edu/faculty/RobinettR/QM/QMVI/QMVI.html

in a variety of formats~Postscript and PDF files!. ~The de-
velopment of the QMVI is discussed in an upcoming Ph
thesis.2! We now turn our attention to the results obtain
from the various offerings of the QMVI over the last thre
semesters.

IV. QMVI RESULTS FROM THREE SEMESTERS

Since one of our stated goals was to determine
progress of student understanding through the undergrad
curriculum, various versions of the QMVI have been giv
to four distinct courses in at least one semester during
development phase. These four courses, with some impo
background information, are described below.

ModPh is a 3-credit, one-semester, sophomore-level m
ern physics course using a textbook at the level of Serw
Moses, and Moyer.34 Students are typically exposed t
roughly five chapters of introductory quantum mechan
~Particle Nature of MatterthroughQuantum Mechanics in
Three Dimensionsin Ref. 34! and then proceed to applica
tions including atomic, molecular, solid state, and parti
physics. The course is offered both fall and spring semes
and requires completion of the second semester of introd
tory physics~E&M ! and the second semester of introducto
241E. Cataloglu and R. W. Robinett
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Table I. Collected data for three semesters offerings of two versions of the QMVI. Data on the average
~with standard error of the mean included!, number of respondents in each class out of the total enrollm
~resp/total!, and average grade point average~GPA! of the students who participated~obtained with their
permission! at the end of the semester during which they took the QMVI are shown. The average score
combined Sp00/Fa00 ModPh group is 28.562.4.

ModPh ModPh-H UgQM1 GrQM1 QChem

Fa99~V0.3! 26.763.0 47.963.6 55.268.4
resp./total 45/52 17/23 5/33
^GPA& 3.2560.09 3.5560.12 3.6860.17

Sp00~V0.4! 28.862.8 6963 58.364.4
resp./total 26/41 2/8 15/26
^GPA& 3.4660.07 3.6860.05 3.4560.15

Fa00~V0.4! 27.665.1 65 45.463.8 55.563.4 29.764.6
resp/total 8/23 1/1 19/29 13/22 14/21
^GPA& 3.2660.13 3.86 3.3060.10 3.6060.08 3.5160.09
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calculus. Students enrolled in this course are typically s
ence~physics and astronomy! and engineering~electrical en-
gineering, engineering science, etc.! students.

UgQM1 is a 4-credit, one-semester, junior–senior le
introduction to quantum mechanics using a textbook at
level of Griffiths.39 Students typically work through such
book, up to and including the hydrogen atom. TheModPh
course is a prerequisite for this class as is a course in o
nary and partial differential equations. An optional seco
semester course~which would be described asUgQM2! is
occasionally offered if sufficient demand exists and con
ues with applications, but was not available during the thr
semester trial period. The students enrolled in this course
predominantly science undergraduates~physics and as-
tronomy! and some engineering~electrical engineering and
engineering science! undergraduate and graduate students

GrQM1 is a 3-credit, first-semester, first-year gradu
course in quantum theory using a textbook at the leve
Cohen–Tannoudjiet al.40 The audience is almost entirel
first year graduate students in physics who are also requ
to take the second-semester course~GrQM2 ! as well; the
sequence is offered in fall~GrQM1 ! and spring~GrQM2 !
only. On occasion, a talented undergraduate takes the co
and the Fall 2000 results include one such student. A co
at the level ofUgQM1 is a prerequisite for this class.

QChem is a 3-credit, one-semester, first-year gradu
course in quantum chemistry using a textbook at the leve
Levine.41 The course is cross listed with a similarly title
undergraduate course, but the enrollment is almost ex
sively graduate chemistry students; the Fall 2000 sample
cludes only one undergraduate. The course typically cov
the basics of quantum mechanics in the first six chapter
Ref. 41 before turning to applications to chemistry. Stude
enrolled in this course are expected to have had a t
semester course in physical chemistry as well as the se
semester of introductory physics~E&M ! and so have expe
rienced a similar background~both in physics and math! to
those students enrolled inModPh, but typically 1–2 years
earlier in their careers.

A. Global results

The first version of the QMVI~V0.3! to be offered to
students was given during the Fall 1999 semester. Base
the written feedback of the students and comments from
ulty colleagues, and an item analysis, a revised test~V0.4!
hys., Vol. 70, No. 3, March 2002
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was constructed and that same version has now been giv
two semesters, Spring 2000 and Fall 2000. Some of the
sults are shown in Table I and include the average scores~out
of 100, scored as described above! and standard error of the
mean ~standard deviation divided byAN where N is the
number of respondents! as well as the average grade poi
average~GPA! ~calculated immediately after the end of th
semester when grades first become available! for those stu-
dents who participated in the study. Several aspects of h
the courses were organized are especially relevant.

~i! The same textbook34 was used inModPh for all three
semesters, and the same faculty member taught b
the Sp00 and Fa00 semesters; because of the sim
ties in average score and GPA, instructor, and te
book, we have combined those two data sets as
resentative of the performance of a typicalModPh
class. The average value for the combined Sp00/F
set is then 28.562.4 for 34 students. In both Sp00 an
Fa00 semesters there were some Honors students
participated in the course, and in the QMVI study, b
who were officially registered for a slightly differen
version of the class itself, which we labelModPh-H.
Their data ~three students in all, with consistentl
much higher scores! are shown separately and not in
cluded in the overallModPh data or discussed in ou
analyses due to the very small number of stude
involved.

~ii ! The same instructor taught theUgQM1 course in both
Fa99 and Fa00 semesters and each time used the
popular text.39 Based on our web surveys of samp
syllabi and textbook usage, we think that this a
proach is rather representative of the way the typi
undergraduate QM course is taught, both at our in
tution and elsewhere, so we will use the Fa00 data
represent the junior–senior level of expertise. T
Sp00 course was taught by a different instructor~not
one of the authors! and used a different textbook,42

one written by one of the authors~R.W.R.!, which
focuses on many of the same ideas and approac
emphasized in the QMVI. This unintentional expe
ment may provide a possible window on the variab
ity of the QMVI score depending on the pedagogic
approach used or emphasis placed on different c
242E. Cataloglu and R. W. Robinett
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Table II. The average~and standard error of the mean! scores for each question for the QMVI~V0.4!. The
Spring and Fall 2000 data for the ModPh course are combined and the other Fa00 scores, as well as t
UgQM1 scores are included. The average score~and standard error of the mean! for the entire test for each
group is also included~in parentheses! at the top of each column for comparison.

No.

ModPh
Sp00/Fa00
(28.562.4)

UgQM1
Fa00

(45.463.8)

GrQM1
Fa00

(55.563.4)

QChem
Fa00

(29.764.6)

UgQM1
Sp00

(58.364.4)

1 50608 88605 83609 46612 77610
2 26607 66610 82610 36613 87608
3 20606 53610 52613 14609 65612
4 57608 86607 77612 54612 87609
5 83606 96604 10060 89607 88608
6 38608 87607 88608 36613 78610
7 12604 54611 54612 18610 53613
8 14605 26608 31611 04603 28611
9 33606 49608 54608 36611 68609

10 14605 39611 33613 29610 27611
11 09603 14607 02602 18609 05605
12 33607 45609 75610 27610 75609
13 52608 79609 73612 57613 83609
14 16606 16608 38612 07605 27611
15 25606 32609 52610 13607 52612
16 27607 63610 62612 07607 65610
17 10604 14607 92606 14608 50612
18 61608 75609 46614 79611 82610
19 21606 54609 63610 16609 88607
20 09603 12607 13608 05604 42611
21 40608 37610 63612 59612 63612
22 24606 28610 56612 43613 65611
23 18605 08606 54611 23610 50612
24 13605 05605 29608 11605 48611
25 06603 11604 13609 04603 03603
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ricular material at this level. We will therefore briefl
compare theUgQM1 Fa00 and Sp00 data in Se
IV D.

~iii ! The Fa00GrQM1 andQChem data will be used as
being representative of the first year graduate phy
and chemistry quantum mechanics courses, res
tively.

The similarity in scores~overall and question-by-question!
between the sophomore-levelModPh and the graduate-leve
QChem student scores is perhaps not surprising as the
quired math and physics background for the two courses
very similar and the amount of introductory mater
~roughly 5–6 chapters of one- and three-dimensional qu
tum theory! covered in the two courses are seemingly ve
comparable, both in scope, topics, and the level of ma
ematical sophistication assumed and physical insight p
vided. Small differences in the individual responses will
briefly discussed below.

B. Item analysis

While one must be extremely cautious about drawing
tailed information from an item analysis with the relative
small number of students who have taken the QMVI dur
the development phase, especially when broken down
each course level, it is still worthwhile to examine th
question-by-question results for any obvious trends. We a
supplement the raw scores~scaled to a maximum of 100! for
each test question with information obtained from the writ
responses. Each question from the V0.4 version which
are analyzing in detail is denoted by QMVI@n# where n runs
hys., Vol. 70, No. 3, March 2002
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over the 25 item pool. The combined Fa00/Sp00 Mod
Fa00 UgQM1, Fa00 GrQM1, and Fa00 QChem data are u
as being most representative of a typical undergraduat
graduate curriculum and textbook. A more complete listi
of all of the V0.4 results, along with the Sp00 UgQM1 da
and including errors, is shown in Table II for completene
The data shown here are rounded and no errors are sh
Averages for the test as a whole for each of the four cour
are listed~in parentheses! at the top of each column for com
parison so one can more easily see which questions w
found to be, on average, easier or harder.

As mentioned above, the first four questions focus on
pects of classical mechanics which may be useful for
understanding of quantum theory. The first questi
QMVI @1#, asks students to recall the connection between
classical force and the potential energy function@F(x)
52dV(x)/dx, but asked purely graphically#, while
QMVI @2#–@4# focus on probability concepts, but in a class
cal context. QMVI@4#, for example, asks students to interpr
familiar classical motions~harmonic oscillator and acceler
ated particle! in terms of computer generated snapshots
many measurements of the particle position.

QMVI @n#
~ave!

ModPh
~28!

UgQM1
~45!

GrQM1
~55!

QChem
~30!

1 50 88 83 43
2 26 66 83 36
3 20 53 52 14
4 57 86 77 54

In these cases, as with a number of others we’ll discu
243E. Cataloglu and R. W. Robinett
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students do exhibit an increased level of understanding
tween the sophomore and more advanced levels. In a num
of cases, the increases fromModPh to UgQM1 are such that
there is little room left at the top for students to do mu
better at theGrQM1 level. The two questions which requir
students to infer information about the particles speed fro
potential energy diagram~QMVI @2# and @3#! have consis-
tently lower averages than those~namely, QMVI@1# and@4#!
which are described more directly in physical terms; sim
problems with classical misconceptions and difficulty
readingV(x) plots have been noted in earlier studies.11–13

The next three questions all involve quantum mechan
probability ideas, ranging from interpretinguc(x)u2 as the
probability density~QMVI @5#!, to calculating probabilities
numerically~QMVI @6# which requires the proper normaliza
tion of a wave function43!, to the numerical evaluation o
expectation values~QMVI @7#!.

QMVI @n#
~ave!

ModPh
~28!

UgQM1
~45!

GrQM1
~55!

QChem
~30!

5 83 96 100 89
6 38 87 88 36
7 12 54 54 18

Students at all levels clearly understood the qualitat
meaning ofuc(x)u2 as the probability density, and after a
undergraduate course could perform simple normaliza
calculations, but even at the graduate level students foun
difficult to understand visually presented wave function
formation and use it to evaluate, or even estimate, expe
tion values numerically. One possible reason for this effec
that few of the more advanced texts ask students to man
late real numbers.

Only a single question was included which had no vis
component, but which asked students to estimate, via sca
arguments, the position–space uncertaintyDx, of a wave
function from a very simple functional form; this step w
required in order to obtain a dimensionally correct estim
for the corresponding momentum–space spread,Dp.

QMVI @n#
~ave!

ModPh
~28!

UgQM1
~45!

GrQM1
~55!

QChem
~30!

8 14 26 31 4

Students typically understood at each level that they w
required to use the uncertainty principle connection,Dx
•Dp;\, but clearly most students could not properly es
mate the position–space spread, either by sketching
given functional form, by the use of ‘‘full width at half max
arguments, or even by dimensional analysis.

Two, somewhat related questions, are designed to p
student understanding of quantum mechanical wave fu
tions ~especially their amplitude and wiggliness and how
two are correlated! given a physical description of the corre
sponding classical motion. Examples for a uniformly acc
erating particle ~QMVI @9#! and a bouncing particle
~QMVI @12#! gave similar results, near the overall avera
score.

QMVI @n#
~ave!

ModPh
~28!

UgQM1
~45!

GrQM1
~55!

QChem
~30!

9 33 49 54 36
12 33 45 75 27
244 Am. J. Phys., Vol. 70, No. 3, March 2002
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Three questions are designed to focus on the mathema
concepts and results involved in the solution of the tim
independent Schro¨dinger equation~TISE!, especially at an
intermediate stage of a derivation, but phrased in a conc
tual manner. Specifically, students are asked about the f
of formal solutions of SE as a differential equation in seve
different physical regimes, as well as the imposition
boundary conditions to obtain physically acceptable so
tions.

QMVI @n#
~ave!

ModPh
~28!

UgQM1
~45!

GrQM1
~55!

QChem
~30!

10 16 39 33 29
11 09 14 02 18
17 10 14 92 14

These questions ranked among the lowest in all four gro
studied. For both QMVI@10# and @11#, the typical problem
experienced by students, expressed through the written c
ments, was a confusion between known standard final
swers, as distinct from the process of deriving an ultimat
physically meaningful result through intermediate stages
mathematical manipulation. Students found it difficult to
through the steps of a derivation and separate the for
solution of the time-independent Schro¨dinger equation as a
second-order differential equation for an arbitrary value
the energy eigenvalueE and the imposition of boundary con
ditions ~either at infinity or some other boundary! as result-
ing in the quantization of the energies. The large jump
score for QMVI@17# over the course of the undergradua
career is perhaps understandable as it relies on what migh
described as a trick which, if students see once they typic
recall.@This problem asks students to recognize that the o
parity solutions of the Schro¨dinger equation for a symmetri
one-dimensional potential,V(x), will also satisfy the related
half-well problem whereV(x) is the same forx.0, but
which is also characterized by an impenetrable wall ax
50. We note that students who answered basically the id
tical question in Fa99 and Sp00 had scores of 6667 and
50612, respectively; the average score on a very sim
question dealing with a half harmonic oscillator problem,
recent two GRE® offerings, were 31% and 39%. Our unde
standing is that this aspect was mentioned in the two ea
semesters, but was likely not emphasized in the Fa00 ca#

A set of five complementary questions was included
probe student understanding of the qualitative behavior
wave functions in different potential energy situations,
cluding more familiar bound state examples in positio
space~QMVI @15#, @16#, and@19#!, but also examples in one
dimensional scattering geometries~QMVI @14#! and also a
version requiring students to confront the problem
momentum–space~QMVI @20#!.

QMVI @n#
~ave!

ModPh
~28!

UgQM1
~45!

GrQM1
~55!

QChem
~30!

14 16 16 38 07
15 25 32 52 13
16 27 63 62 07
19 21 54 63 16
20 09 12 13 05

These problems, all of which ask students to account for
qualitative form of a stationary state wave function fro
244E. Cataloglu and R. W. Robinett
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very general arguments about the shape of the potential
of a type pioneered by French and Taylor,44 but which are
now routinely discussed in a variety of texts, both at t
modern physics and more advanced levels. More stan
problems of this type for position–space bound states, s
as QMVI@15#, @16#, and @19# all show increasing scores. A
very similar one~QMVI @14#! involving scattering from a
one-dimensional square barrier~one of the most standard 1D
scattering geometries! shows significantly lower scores.~We
note that somewhat more formal, but similar questions d
ing with one-dimensional scattering on the GRE® also show
low scores.45! Students typically do not use the same int
tive connections between the form of the potential and
shape of the allowed bound state wave functions when d
ing with scattering states; they most frequently try instead
implement formalism dealing with transmitted and reflec
fluxes, instead of focusing more directly on the wave fun
tions. In a similar vein, QMVI@20#, which asks students to
also discuss stationary state solutions,à la French and Tay-
lor, but in momentum–space, has scores which remain a
level of random guessing. This indicates that they are se
ingly unable to generalize their improving competencies
position–space conceptualization ofhow likely is it to find
the particle in this part of the wellquestions to thehow fast
is the particle likely to be movingtype arguments involved in
understanding probability densities for the momentum v
able.

Even though students did increase their understandin
some problems involving interpretation ofV(x) diagrams, it
is interesting to look at combinations of questions involvi
physical descriptions of motion and the connection to
resulting probability densities~either classical or quantum
mechanical!, averaging over three such questions, nam
(419112)/3, compared to three similar items where t
questions are phrased in terms of the potential energy fu
tion, such as (3115119)/3.

QMVI @n#
~ave!

ModPh
~28!

UgQM1
~45!

GrQM1
~55!

QChem
~30!

Problem
description

(419112)/3 41 60 69 39 ‘physical’

(3115119)/3 22 46 56 14 V(x)

Clearly the physically described questions are always ab
the mean, while those requiring reading aV(x) plot are con-
sistently lower.

Two relatively standard questions are included which
cus on simple properties of solutions of the infinite w
problem ~QMVI @13#! and on the Pauli exclusion principl
and its effect on the filling of energy levels~QMVI @18#!.

QMVI @n#
~ave!

ModPh
~28!

UgQM1
~45!

GrQM1
~55!

QChem
~30!

13 55 79 73 57
18 59 75 46 78

A familiar pattern of scores which increase after UgQM1 to
plateau is seemingly evident. The somewhat lower scor
GrQM1 for the energy level filling question is likely due t
the structure of the course where applications involving s
and the Pauli principle are typically seen only in the seco
semester.

In the last section of five problems, involving physic
visualization beyond the standard curriculum, two questi
245 Am. J. Phys., Vol. 70, No. 3, March 2002
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are included which focus on simple two-dimensional qua
tum mechanical systems, a 2D infinite square w
~QMVI @21#!, and a 2D infinite circular well~QMVI @22#!.

QMVI @n#
~ave!

ModPh
~28!

UgQM1
~45!

GrQM1
~55!

QChem
~30!

21 40 37 63 59
22 24 28 56 43

Students seem to be able to generalize the 1D square
results fairly well, even at the sophomore level, to obtain
2D energy eigenvalues and match them to a multidim
sional plot of probability densities. A similar question wit
circular symmetry such as QMVI@22#, on the other hand, is
not handled so successfully even though only qualitative
formation on the wave function~wiggliness or patterns o
nodes! is required.

Finally, in the area of time-dependent solutions to t
Schrödinger equation, focusing on wave packet motio
we include problems involving classical analogs of a co
sion with an infinite wall ~QMVI @23#!, a fairly standard
spreading wave packet question~QMVI @24#!, and a question
which requires students to understand, in some detail,
exp(2iEnt/\) time dependence of individual bound sta
wave functions~QMVI @25#!.

QMVI @n#
~ave!

ModPh
~28!

UgQM1
~45!

GrQM1
~55!

QChem
~30!

23 18 08 54 23
24 13 05 29 11
25 06 11 13 04

All three problems have individual scores which are
lower than the overall averages, with the detailed tim
dependence question averaging no better than random g
ing ~or worse!. These problems reinforce the results of R
17 which found that student understanding of the time dev
opment of quantum states was poor, even when phrase
conceptual terms as in these questions.

C. Student confidence data

In addition to answering the specific QMVI questions
both a multiple choice and written answer format, stude
were asked to rate their confidence on a four-point sc
ranging fromvery certain, somewhat certain, somewhat u
certain, to very uncertainby circling one of those four state
ments at the bottom of each page. These answers were t
ferred to a numerical scale, using values of 100, 67, 33,
0 for the four choices. Thus, each student response had
only a numerical score~0–4, easily scaled to 0–100! but also
some quantitative measure of the students confidence in
answer. To examine these combined data, we averaged
numerical score~0–100 scale! and the student confidenc
~0–100 scale! over all student responses for each individu
question to obtain two values,Sn andCn , for each question,
n51,25. In general, one would imagine that the higher
average score, the greater the student confidence, so we
different least-squares fit to the 25 point data set for e
separate course. The best-fit lines of the formS5aC1b and
the corresponding correlation coefficients are shown in Ta
III.

For the three physics courses, the correlations were ra
large indicating a reasonable degree of congruence betw
students perceptions and the correctness of their answ
245E. Cataloglu and R. W. Robinett
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These observations were also useful in helping to estab
the overall validation of the instrument. The question wh
fell the furthest from the best-fit line for both the UgQM
and GrQM1 cases was that for QMVI11 indicating that there
was a severe misunderstanding of that question. While
best-fit lines for these two populations had very similar v
ues ofa, the difference of roughly 20 in theb values imply
that the graduate students were rather more confident of
answers.

D. Comparing different courses or approaches

As mentioned above, the students in theModPh and
QChem groups had very similar overall scores, and the m
detailed data in Table II also exhibits a strong question-
question correlation as well. There were only a few questi
which had some perhaps measurable differences in resp
rate~but only at the one-sigma level!. For theQChem group,
QMVI @21# and @22# were both higher~perhaps due to the
chemists familiarity with visualizing bonding, clearly em
phasized in the typical textbooks used41! as was QMVI@18#
~where the filling of energy levels and the Pauli principle a
paramount in understanding atomic structure and chem
properties!; for the ModPh group, only QMVI@15# and @16#
had slightly better responses, both of which make use of
physics students presumably more extensive experience
the use of potential energy functions. Such comparisons
perhaps useful as it has been said that ‘‘...the preparation
beginning graduate students have in quantum mechanic
spotty at best...’’ 46 so that the use of material appropriate f
undergraduate physics majors, including a strong vis
environment46 can be a ‘‘...valuable resource in the teachin
and learning of quantum mechanics.’’

The other obvious comparison is between the Fa00~tradi-
tional approach, using Ref. 39! and the Sp00~more visual
approach, using Ref. 42! UgQM1 course approaches whic
give overall QMVI scores which are fairly different~at the
level of slightly more than 2s!. The scores for the Sp0
UgQM1 test are, in fact, closer to the Fa00 GrQM1 resu
almost across the board, except for four problems.
QMVI @17#, where students who have discussed parity
one-dimensional solutions typically do very well, th
UgQM1 score is typical of earlier semesters offerings at t
level, but not at the mastery level of the graduate stude
who almost all get this one right; for QMVI@18#, the artifi-
cially low score of the GrQM1 students has been discus
above. On the other hand, for QMVI@19# and @20#, which
require more sophisticated use of French–Taylor ideas,44 in-
cluding in momentum–space, those students who have b

Table III. The slope and intercept parameters for a best straight-line fit to
individual score (Sn) and confidence (Cn) data points (n51,25) for each of
the four offering of the QMVI. The substantial correlation coefficient for t
three physics offerings is further evidence of the validity of the test for th
groups of students. The similar slopes~a!, but varying intercepts~b!, for the
undergrad~UgQM1! versus grad~GrQM1! students indicates an increase
confidence for the more advanced students.

Course
Best fit line
S5aC1b Correlation coefficient

ModPh S50.68C23.10 r50.70
UgQM1 S51.03C211.6 r50.85
GrQM1 S51.10C234.0 r50.65
QChem S50.87C214.4 r50.17
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routinely exposed to such ideas seem to do better, even
graduate students in a typical post–undergraduate cou
Clearly, there is a need for more detailed studies of in
vidual item responses from a variety of undergradu
courses, especially using different texts, teaching styles
instructional methods~use of computer software versus mo
traditional materials!, etc.

E. Newer data

During the editorial review process of this paper, we we
able to obtain QMVI results from a set of undergraduate a
graduate students at another US institution, namely the U
versity of Arizona~thanks to Professor I. Novodvorsky!. The
QMVI was given there to two groups.

~i! Four graduate students, completing the second sem
ter of a two-semester grad sequence~and hence mos
similar to theGrQM2 course mentioned above! using
the textbooks by Sakurai and Baym.

~ii ! Nine undergraduate students, completing the sec
semester of a two-semester undergraduate sequ
~and hence most similar to theUgQM2 at our institu-
tion! using the popular standard textbook by Liboff.47

Considering the detailed syllabus for the course,
consider the instructional methods used and top
covered to be of the standard type employed in ma
such undergraduate courses and hence most dire
comparable to the Fa99 and Fa00 UgQM1 data
Table I, as opposed to the Sp00 results.

In each case, the students were given very similar instr
tions on how to complete the QMVI so that the circum
stances under which it was administered were as compar
as possible.

While the sample sizes for these two groups are e
smaller than obtained in the data analyzed above, it is wo
while to quote the global results for comparison. For t
graduate course, the average score was 56.065.0 ~Arizona,
Sp00, V0.4! which is to be compared to the 55.268.4 ~Fa99,
V0.3! and 55.563.4 ~Fa00, V0.4! values in Table I, which
show obvious similarities, within the clearly large associa
uncertainties. The only obvious difference between the ite
by-item responses~clearly visible even with the very large
uncertainties due to small sample sizes! is that the Arizona
group did far better on question No. 18~roughly 3.8s! in-
volving the Pauli Exclusion principle. We indicated in ou
item analysis discussion in Sec. IV B that the relatively lo
score of the GrQM1 group on this question might be due
the fact that this material was typically seen in the seco
semester of the grad course, which the Arizona students
indeed cover.

For the slightly larger undergraduate sample, the aver
score was 49.965.6 ~Arizona, Sp00, V0.4! which we argue
should be compared to 47.963.6 ~UgQM1, Fa99, V0.3! and
45.463.8 ~UgQM1, Fa00, V0.4!, once again, equal within
the errors. While the sample size is too small to provide
reliable item analysis by itself, it is still interesting to com
pare the question-by-question responses, which we sho
Table IV.

If we combine the standard errors of the mean~in quadra-
ture! for the two averages for each question, the differen
between the response rates for the two samples are all e
to within at most 1.2~combined! standard deviations, excep
for questions Nos. 21, 23, and 24; each of those were

e

e
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Table IV. The average~and standard error of the mean! scores for each question for the QMVI~V0.4! for the
Fa00~UgQM1, Penn State! and Sp00~Arizona! undergraduate data. The average scores for the two sample
45.463.8 ~UgQM1, Penn State! and 49.965.6 ~UgQM2, Arizona!.

No.
Ave

UgQM1
~PSU!

45.463.8

UgQM2
~ARIZ!

49.965.6
No.
Ave

UgQM1
~PSU!

45.463.8

UgQM2
~ARIZ!

49.965.6
No.
Ave

UgQM1
~PSU!

45.463.8

UgQM2
~ARIZ!

49.965.6

1 88605 78610 11 14607 00600 21 37610 86610
2 66610 56617 12 45609 47605 22 28610 50610
3 53610 53614 13 79609 67616 23 08606 50612
4 86607 61613 14 16608 36614 24 05605 36611
5 96604 97603 15 32609 47612 25 11604 17610
6 87607 75614 16 63610 50615
7 54611 67614 17 14607 33613
8 26608 28614 18 75609 89610
9 49608 33612 19 54609 61614

10 39611 25612 20 12607 06605
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swered significantly better~at the 2.6–3.5s level! by the
second-semester Arizona group. This could be due, for
ample, to the additional coverage provided by the long
two-semester course. If we calculate the average score
only the first 20 questions~excluding those questions, 21
25, which we have described above as covering ‘‘...less tra-
ditionally seen material...’’ such as multidimensional wave
functions and time-dependent phenomena! the resulting av-
erages are even closer, namely 40.264.8 ~Arizona, Sp00,
V0.4! versus 41.963.3 ~UgQM1, Fa00, V0.4!.

The agreement, overall and even at this level of det
using these admittedly rather small data sets, is reassu
and further suggests that QMVI scores after a standard
dergraduate quantum course may be similar and a reason
measure of students understanding of the material we wis
test.

V. IMPLICATIONS FOR QUANTUM MECHANICS
EDUCATION

While preliminary, some of the results from our individu
item analysis do suggest that many students cannot app
extend standard curricular material to some novel proble
Based on some of our results, we will be developing so
new educational materials to address some of these top

One focus will be on the introduction of probability dis
tribution ideas into the context of even classical mechan
problems to address student understanding of specific
focussed questions such as QMVI@3#, but also to better ad
dress the general difficulty students have with the interpr
tion of potential energy plots. In this context, the use
projection of trajectory techniques48 may prove useful: one
benefit from such an approach is that it is just as easy
discuss classical probability distributions for momenta~the
analogs ofuf(p)u2) as it is for position–space measur
ments. Many existing materials~both printed and electronic!
can be used, as well as more novel approaches such a
ensemble measurement approach illustrated in QMV@4#
which makes direct connections to experimental determ
tions, binning of data, direct normalization of probability di
tributions and the numerical evaluation of average val
~which could have an impact on such questions such
QMVI @7#!. Many of these ideas can be easily incorpora
into or tested in the setting of existing courses on class
mechanics as well, providing materials which are typica
not covered in standard undergraduate textbooks at this le
hys., Vol. 70, No. 3, March 2002
x-
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for

l,
ng
n-
ble
to

or
s.
e
.

s
nd

a-
f

to

the

a-

s
s

d
al

el,

which can, in turn, help motivate students at an earlier st
of their undergrad career to consider probabilistic desc
tions of motion which can then be built upon in later class
in quantum theory. Such classical probability ideas mig
also prove useful to related areas such as statistical mec
ics.

A second set of materials will focus on the French–Tay
type problems, incorporating many excellent existing ide
from available computer software and printed materials
discuss, both in an intuitive and in a more formal manner,
many connections between classical motions, the poten
energy function, and shape~wiggliness and magnitude! of
quantum wave functions. Clearly, extensions into more th
one dimension in a variety of different geometries~as in
QMVI @20# and @21#! will be valuable.

One set of materials, which is already under developm
will focus, in some detail, on the relatively simple, and ve
focused, problem of an asymmetric infinite well,49 that is,
investigating the bound state properties of a quantum
chanical system described by a potential of the form

V~x!55
` for x,2a,

0 for 2a,x,0,

1V0 for 0,x,1b,

` for 1b,x.

This problem has the benefit that the level of mathemat
sophistication required to solve the Schro¨dinger equation
analytically and to match the boundary conditions is
higher than that required for the standard treated problem
the finite well. The variation in potential implies that conce
tual analyses of the wave function form~amplitude versus
wiggliness! on each side of the well,à la French and Taylor
can be easily understood~but one should note that there a
surprises in a number of special cases49!. The explicit form
of the Schro¨dinger equation solutions, real or complex exp
nentials or sine/cosine versus cosh/sinh functions, depen
on whether the energy eigenvalueE satisfiesE.1V0 or E
,1V0 , can be understood by most students. The need
have bothe2kx ande1kx solutions in the 0,x,1b region
for tunneling cases whereE,1V0 and the fact that the ap
propriate boundary conditions atx52a,1b,0 are all
equally important should have an impact on student diffic
247E. Cataloglu and R. W. Robinett
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ties with QMVI@10# and @11#-type question. Momentum–
space analyses of the problem are also possible to make
tact with problems such as QMVI@20# and one can easily
extend this problem~by eliminating the infinite walls atx
52a,1b) to the standard scattering from a step-poten
probed in QMVI@14#. Phrased in this context, students w
be encouraged to make use of more intuitive ideas ab
wave function properties for scattering problems, but wh
can just as easily make contact with more familiar ideas s
as probability flux.

Finally, a set of materials dealing with many aspects of
time development of quantum systems is underway, m
vated especially by the poor results, even for advanced
dents, on QMVI@23#, @24#, and @25#. While standard wave
function spreading~using a Gaussian as an analytically c
culable example! is discussed in many texts, the ability
visualize these effects for a variety of other shapes w
clearly be useful. Scattering geometries can easily be
cluded, including such simple changes as bounces from
nite walls,26,50 which can focus attention on the time deve
opment not only of the wave packets themselves, but als
their expectation values which have clear classical conn
tions.

A very important model system which exhibits an incre
ibly rich array of quasiclassical and purely quantum effect
that of wave packet revivals in the infinite square well.7–9

The simple question of how quasiclassical periodicity
exhibited,8,9 how the wave packet spreads within the e
closed area, and especially how it reforms during the rev
als, is a fascinating interplay of classical and quantum ide
simple mathematical methods and numerical calculatio
and the springboard to comparison with real measurem
of wave packet revivals in more physical systems.6 Discus-
sions of the simple time dependence of a two-state quan
system which can then be extended to the more delicate
terplay between the many stationary state components
bound state wave packet can be addressed with a wide
ety of methods.

VI. CONCLUSIONS, DISCUSSION, AND OUTLOOK

We have developed an assessment instrument which
hope will be able to shed light on the development of s
dents’ conceptual and visual understanding of quantum
chanics. Based on the~admittedly limited! data we have ob-
tained ~from our own institution and one other! during the
test period, we believe that we have identified clear diff
ences in understanding between the sophomore-level mo
physics, junior–senior level quantum theory, and first y
graduate student level of competencies. For example, u
the Fa00 UgQM1 and GrQM1~and combined Fa00/Sp0
ModPh! data as an example, we find differences in QM
scores of 17.864.5 ~sophomore to jr/sr level! and 10.1
65.1 ~jr/sr to grad level! between the three levels of instru
tion. Additional data from the University of Arizona are co
sistent with the advanced undergraduate and graduate re
we have studied, often in great detail, as discussed in
VI E, further suggesting an increase in ability as stude
progress through the standard physics curriculum. One s
data~the Sp00 UgQM1 results! suggests that instruction us
ing materials designed to focus on questions of concep
understanding and visualization can increase competen
in these areas. Preliminary item analyses~as in Sec. IV B!
248 Am. J. Phys., Vol. 70, No. 3, March 2002
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can be used to focus attention on areas where student un
standing remains weak after traditional instruction, even
the graduate level.

Given the preliminary results reported here, based on l
ited data from only two institutions, one of our goals is
continue the development and testing of the QMVI questio
in a variety of settings, obtaining as much data as possible
the current~or any future! version of the QMVI.51 We are
continuing to solicit faculty colleagues from a variety
other US colleges and universities to offer the QMVI to a
propriate classes to gain more data on the variability of
sults in different curricular settings, using different tex
books, and pedagogical approaches. Any interested re
who would like to participate in some aspect of this study
offering the QMVI at their institution~in any of the courses
discussed above, or others! is encouraged to contact the se
ond author via electronic mail. Clearly, given the large co
tent domain of quantum mechanics, even at the level of m
ern physics, further refinement of the questions based o
wide variety of student responses will be very important
obtain.

We also hope to obtain data in other ways, such as w
more detailed analyses of the written responses to
QMVI,52 with interviews of students who have taken th
QMVI, as well as offering the test both in a pre-instructio
mode as well as the post-instruction mode which we h
had available so far to assess, more quantitatively, poss
gains on the QMVI. Variations of the QMVI which might b
suitable for delivery on the web, possibly including mo
interactive questions, or even animated versions of som
the existing questions, are also under development. And
nally, one of the main focal points will be the development
instructional materials~web-based! to address some of th
student difficulties we have identified, and the testing
these modules.
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APPENDIX A

We reproduce here, as examples, two pages from the la
version~V0.4! of the QMVI indicating the standard forma
of the questions.
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APPENDIX B

We collect, in Table II, a question-by-question item ana
sis of the V0.4 QMVI results for the combined Sp00/Fa
ModPh, Fa00 UgQM1, Fa00 GrQM1, Fa00 QChem, a
Sp00 UgQM1 data. The data presented here are obta
using the multiple choice plus written response combinat
described in Sec. III~2 points for the correct answer plus
1, or 2 points depending on written response for a poss
total of 4 points per question!. Similar data using only the
correct answer~4 points for a correct multiple choice re
sponse! are available for comparison at the web site me
tioned in Sec. III.
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QMVI.html for downloadable copies of much of the background mate
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