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In order to probe various aspects of student understanding of some of the core ideas of quantum
mechanics, and especially how they develop over the undergraduate curriculum, we have developed
an assessment instrument designed to test conceptual and visualization understanding in quantum
theory. We report data obtained from students ranging from sophomore-level modern physics
courses, through junior—senior level quantum theory classes, to first year graduate quantum
mechanics courses in what may be the first such study of the development of student understanding
in this important core subject of physics through the undergraduate career. We discuss the results
and their possible relevance to the standard curriculum as well as to the development of new
curricular materials. ©2002 American Association of Physics Teachers.
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[. INTRODUCTION In order to obtain benchmark data to use to test the effi-
cacy of any new quantum mechanics pedagogical materials,
Have you ever heard anyone in physics, perhaps eve@s well as to better inform our own development of web-
yourself, say something like this?ytu know, | never really based instructional modules, we have developed and tested a
understood that until the third time | saw it, probably in grad conceptual assessment instrunfenthich has now been
Schoo]" Even |f one does not Specify the exact topic in_ g|Ven to over 160 St.udents at our |nSt!tUt|0n du”ng a recent
volved in such a statement, many students who have prghree semester periogFall 1999, Spring 2000, and Fall
gressed through a typical undergraduate curriculum and gor@?00. The test, which we call the Quantum Mechanics Vi-

on to graduate studgand perhaps even beyonih physics ~ Sualization Instrument, or QMVI, focuses on conceptual and
can easily think of many subjects in any of four core areasYisualization understanding and we have used this survey to

classical mechanics, electricity and magnetism, statisticdf™obe student understanding of a subset of quantum mechan-
mechanics and thermodynamics, and quantum mechanidSS core ideas at various stages of w_hat we feell is a fairly
which might be the subject of such a wistful comment. OnelYPical undergraduate career, at least in an American college
reason this is true is that there are any number of standar@f University environment. o

topics in these areas that are treated, with varying degrees of After briefly describing, in Sec. Il, our motivations in se-
sophistication and/or approached with varying levels o ecting the parucular_ areas of interest on which we have fo-
mathematical machinery, first at the introductory levelCUS€d, we proceed in Sec. lll to discuss the development of
(sometimes in large lecture courses or otheryyisace more ~ the QMVI. We then provide, in Sec. 1V, a preliminary item

in specialized, junior—senior courses for physics majors, an@"lysis using data obtained from students in a sophomore-
yet again in the first year of graduate study. evel modern physics course, a junior—senior level quantum

While there are an increasingly large number of educa:[heory coursgmostly for physics and astronomy majnra

tional studies which focus on student conceptiémsalter-  frstyear graduate course in physics, as well as a one-
native conceptions or misconceptiorsf a specific set of semester graduate level introduction to quantum chemistry.

topics at a given curricular level, there are far fewer attempts; smgﬂfhese datl?, we rs)t”eﬂy dlstcfussthm Stecavc}he cljmphc%-
at probing how students’ understanding of common or cor |E[)ns esel resuits ml?l sut?]ge_s ort t?fs artl dar hun elrgrad u-
topics in a given discipline evolve over the course of a typi—a € curnicuium as well as € impact this study has already

cal undergraduate career. As part of an NSF-funded projecf!2d on our own plans for the development of educational
to develop modern web-based instructional materials relate@ate”als' Finally, in Sec. Viwe d'SCl.JSS our conclusmns and
to undergraduate quantum mechanics, we have also been igfospects for future physics educational resedRER) in
ploring the development of student understanding in som IS area.

selected areas of quantum theory and how this evolves over

the course of a typical undergraduate physics majors experj; MOTIVATION FOR THE QMVI

ence. We have not been able to find any similar studies in the

physics pedagogical or science education literature, so this In studying student understanding in any area of the phys-
may well be the first detailed examination of how an increasdics curriculum, it is natural to focus on a rather specific and
ingly important component of a physics major’s training af- well-defined core content area and student population, say
fects their understanding in a core area over an entire undeNewtonian mechanics as taught in calculus-based introduc-
graduate career. tory physics courses. The development of evaluation tools,
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such as the well-known Force Concept Inventory or others imechanics rather than on such fairly straightforward aspects
the area of classical mechanics similar ones in fields such as, for example, the shape/form of quantum wave functions
as electricity and magnetiénmave benefited from using re- in a potential well. We choose, to a large extent, to focus on
peated testing and study of individual test items, given tahese and related classical connections as not all undergradu-
large numbers of students, most typically in introductoryate curricula emphasize the most radical aspects of quantum
courses, where one expects the curriculum to be relativelyheory, while most standardly used texts do make contact, to
well defined. some extent, with classical mechanics.

If we wish to probe student understanding in a specific The importance of this relationship to classical ideas can
area over the entire undergraduate career, we would like tglso be justified as it is also a subject of much current ex-
focus on a set of topics which appear repeatedly throughoyerimental research involving effects such as wave packet
a standard curriculum, evefor perhaps especiallyif they  revivals (which can be experimentally observed, for ex-
recur, couched in increasingly more sophisticated levels ofmple, in Rydberg atorfls a topic which has been exten-
mathematical formalism. We also wished to concentrate ogjvely discussed in the pedagogical literafifén a manner
areas which had not been studied so extensively in the PEhich is readily accessible to undergraduates at this level.
literature, but which are clearly of importance in the under-This classical connection is also motivated by earlier PER
graduate and graduate curricula. We have chosen to focus @fudies which show that student misconceptions about re-
the development of students conceptual understanding Gted classical concepfs'*can carry over to similar quan-
core topics in quantum mechanics, especially as evidencegm mechanical model systeméStudent misconceptions
by their visualization skills, and we will briefly explain our \hich are more specific to quantdfror waveé® mechanics
motivations for choosing this content area and approach. ¢an also be used to inform such studidisspired by all these

issues, we have chosen to include a significant component of
A. Why quantum mechanics? problems which focus on this classical—quantum connection.

While many subjects in classical mechanics or electricity ©ON€ SPecial instance of an overlap between the quantum

and magnetism are definitely covered several times in a typi@d classical descriptions which we include is the

cal undergraduate and first-year graduate curriculum, one c4Omentum—space description of quantum theory. This as-
argue that the core material of an introductory course ifPect not only has connections to classical mechanics which
quantum theory may be seen in more different contexts tha@"® nicely complementary to that of the more standard
any other topic. Starting from the last few chapters of manyPoSition—space formulation, but also is of increasing rel-
introductory textsiwhich may include discussions of matter €vance to experimental realizations of quantum systems, es-
waves, particle in a box quantization, and even applicationg€cially in situations involving scattering, in such areas as
to modern devices students are typically exposed to a rela- SOlid state, nuclear, and particle physics.
tively common set of ideas in a sophomore level modern Finally, there are a wide variety of approaches to the
physics course, and likely exposed again in a junior—seniofe@ching of quantum mechanics, even at the undergraduate
level quantum theory course if they are physics or astronom vel. A qwc-k electronic search of our |nst|tut|on’s_f|ne li-
majors. These courses, in turn, are often the prerequisites f&fary collection for the keywords classical mechanics, elec-
applications courses covering such topics as solid state phy§icity and magnetism, and then quantum mechanics finds 186,
ics, atomic and molecular physics, and nuclear and particl80. and 57 entries, respectively, with similar ratios for other
physics, all of which make extensive use of many aspects oftandard descriptions of books on these topics. While many
quantum mechanics. Much of the same core material is seedf the classical mechanics and E&M books are found to have
yet again(or at least assumgih a first-year graduate course relatively similar approaches, the variety of styles and em-
or sequence. An undergraduate, therefore, might easily seBhases in the textbooks on quantum mechanics is much
for example, the infinite well used as a pedagogical exampléarger. Texts which focus on very formal aspects of the sub-
or a model physical systehin up to five courses before he ject (starting with the formalism of spin systems, Hilbert
or she graduates. Given the increasing impact that quantuaces, and the likeare available, as are many examples
mechanical ideas have on technological applications, it igvhich focus on the Schdinger equation approach. Some
unlikely that the importance of the concepts and model systexts include many physical examples, including ones mak-
tems so often covered in the standard undergraduate curricig direct, sometimes numerical connection to experimental
lum can be understated. results, while some provide few, if any, physical insights. So,
Another issue which makes tests of student understandingompared to other subfields, there is seemingly an even
of quantum mechanical concepts highly relevant is the manwider array of possible topics which one might consider as
ner in which quantum ideas are sometimes perceived bgonstituting the core ideas, and so research in as wide a
and/or described to undergraduates. While there are clearhariety of such topics as possible will be useful.
many lingering student misconceptions about classical me- For example, one recent suryéyas focused on student
chanics and E&M, these topics are seldom, if ever, describetnderstanding of topics such as quantum measurement
by adjectives such as weird or strange in the same way whictheory and time evolution of quantum states, both discussed
is so common for quantum mechanics. Students are occél a rather formal manner, and focusing on students at the
sionally encouraged to approach the subject with the ideand of a full-year upper-level course. To complement such
that it is almost impossibly difficult to understand and that itresearch, in our study we have focused on more conceptual
is so completely different from other branches of physics thagnd nonformal aspects of quantum mechanics, but have in-
ones intuition is of little or no use. There are, of course manytentionally included some material on the time development
semiclassical connectiorfVKB methods, wave packet mo- of wave packets, in a more physical and less mathematical
tion, etc) which can help bridge the gap between the classifashion, even including some semiclassical aspects, in order
cal and quantum worlds and which can presumably help stuo make contact with such studies, but addressing these im-
dents focus on the more truly radical aspects of quantunportant issues from a different point of view.
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B. Why conceptual understanding? establish  connections with  pre-existing knowledge
structure$®-3 It has also been pointed déthat scientists

tati £ th id f t hani i F'outinely use visualization to translate data into pictures of
presentation ot the core ideas o quantum mechanics at vaz, o s kinds, looking for consistent or inconsistent patterns,

ous levels throughout the undergraduate and graduate Cygs,ch a5 is done in standarevhat's wrong with this picture
riculum are related to the increasing level of abstractlon,[yp’3 of graphical questions

gtatger?at!cal soph;]stlcatlor;, orlcaICLéIatlonz?]I formalism use;:i. Are students already expected to have a more sophisti-
udents in a Sopnomore-ievel Moaern pnysiCs COUrse, 1Q0aeaq anpreciation of the visual representation of data or con-
example, will almost certainly not have been exposed to suc

. | . . epts? One example of such a likely need can be seen in
important topics as perturbation theory, variational methOdsstandardized tests of undergraduate physics knowledge, spe-

operator techniques and the like. In a similar way, applica-

. ’ hanics id ; b gifically the GRE®. Sample GRE Physics tests are available
tions of quantum mechanics ideas to topics such as solig, pjiched by the Educational Testing Service itstdf sale
state physics, atomic, or nuclear/particle physics are muc

more often left to the discretion of the instructor or the for- mngof;lgein?;?girrlly Ztrl: %Essf%gm;%dl;?éo(;:gr}gesserxosraﬂ]gfelcsf
mat of the text used in such a course. While forming any, ee ‘sych test® from the years 1985, 1991, and 1996,
3Shows a pattern of increasing use of graphs and figures, both
f¥the statement of questions as well as in the multiple choice
solutions themselves. For example, for those three years, the
ASmber of questions which rely on graphs or figugeisher
conceptual or with dajaranges from 22 to 33 to 31, while
the number of individual questions for which the actual mul-
tiple choice answers consist solely of different graphical im-
ages increases from 1 to 3 to 5.

" Motivated by factors such as these, we have focused on
tMe visualized representation of conceptual problems and

As mentioned above, many of the differences between th

are often considered separate from the core ideas themselv
For example, the GREin Physics Study GuidéRef. 33
lists the percentages of questions asked in two recent tests
Atomic physic£10%), Quantum mechanic&l0%), and Ad-
vanced topicgnuclear and particle physics, condensed mat-
ter physics etc. (9%), so that the core ideas of quantum
theory are explicitly separated out from areas of application
Tests which focus on the development of conceptual un
derstanding have a much better chance at determining ho

basic ideas change over the undergraduate curriculum, indﬂﬁeir solutions in the development of the QMVI. In the next

pendent of specific applications to which students may Ok tion we describe how the topics and approaches we wish
may not have been exposed. The focus on conceptual |ssu8§. emp'hasize, namel(i) conceptual understanding of the

is also a way to focus attention on the core concepts anf,q (modern physics levglguantum mechanics material,
separate them from the various levels of mathematical sol-) connections to classical mechanicsi) understanding
phistication used to study them as students progress. In t.hga visualization, and(iv) extensions of standard ideas to
same regard, the use of visualization as a method of probmlg10re modern a’reas such as two-dimensional systems and

student understandjng, while interesting in its own right, Can['me-dependent phenomena, and the overlaps of these four
also be used to shift the focus away from the more abstra reas, were implemented in the QMVI

mathematical methods used later in a students career.

SR,
C. Why visualization? Ill. CONSTRUCTION OF THE QUANTUM

One aspect of the presentation of the core material IMECHANICS VISUALIZATION INSTRUMENT
many undergraduate courses which has changed dramaticaligmMmyV| )
over the last 50 yeal® has been the increased ability to
present numerically exact calculations of a wide variety of Motivated by the factors described in Sec. Il, we began
solutions to quantum mechanical problems, not just a fewconstruction of a quantum mechanics conceptual assessment
mathematically tractable and exactly soluble closed-forminstrument by making an informal survéysing information
special cases. Many of the most recent examples of modemeadily found on the webabout topics covered in standard
course material®~** including not just textbooks, but modern physics and junior—senior level quantum mechanics
especially specialized software, now allow students to visueourses, and popular textbooks used in support of these, at
alize the results of more sophisticated examples, includingnany American colleges and universities. Using recent edi-
both multidimensional systems and time-dependentions of frequently used standard modern physics
phenomen&>2®Since students are now much more routinelytextbook$*~3" and other more innovative exampf@swe
exposed at a very early stage, even in their introductory matidentified topics typically covered in the 4—7 chapters de-
and physics courses, to more sophisticated graphical and woted to basic quantum theory in these texts, especially to
sual representations of experimental data, solutions to differene-dimensional, nonrelativistic quantum mechanics. These
ential equations, and the lik& new pedagogical materials include the probabilistic interpretation of the Satlirmger
such as these will almost certainly have an impact on howvave function, properties of solutions of the Safirmer
guantum mechanics courses are taught. Therefore, data equation(including correlations between the amplitude and
visualization skills for testing the effectiveness of such newwiggliness of the wave function and the potential energy
materials will likely be of increasing importance. function, allowed forms for solutions in simple cases, includ-

As if to emphasize this, the National Science Foundafion ing the infinite well, quantum mechanical tunneling and bar-
has noted that visualization is a form of communicationrier penetration, etg. the uncertainty principle and the Pauli
which transcends application and technological boundariesxclusion principle. These content areas were also examined
and that visualization can be an important tool for scientificby various physics faculty members who have taught rel-
understanding and learning. Educational research has pointedant courses in the recent padBraduate students from
to the advantages of visualization in developing scientificeducation were also asked to review the final version of the
understanding by providing more opportunity for students teexam questions, for language and general readability.
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We then formulated versions of questions, almost all in-work individually, (ii) to spend no more than 1-2 hours on
volving visualization, dealing with all of these topics, in the test, andiii) to use no other resource than the textbook
some cases including two complementary versions to checlised for the particular course involvéds each course had
for consistency. For example, a rather typical probleman assigned tekt Little or no evidence of collaboration
QMVI[15] (in a hopefully obvious notationis similar to, amongst students was se@s evidenced by the written com-
but more focused than, one of the more challengiagd = ment$ amongst the responses.
open-ended end-of-chapter problems in Refs. 35 and 37, The students agreed to have their grade information made
dealing with an asymmetric infinite well; in the same spirit, available to the authors as part of their investigation and
both QMVI[16] and[19], which ask about a slanted infinite some information on the longitudinal development of indi-
well, are similar to problems in Refs. 35, 36, and 38. Wevidual students scores on the QMVI is therefore posﬁble.
included a few questions which focus on similar issuesStudents were not allowed to keep copies of the exam and
(probability ideas and motion described using the potentiabnly their overall score was reported back to thes part of
energy functiol but described in a classical context, to as-the allocation of extra credit pointsut not their answers on
sess how students approached similar problems in a nomadividual items: in this way we feel that the test was rather
quantum mechanical framework, motivated by earlier PERsecure from one semester to the nektformation on the
studiest' 13 We also included five question®MVI[21]-  site where the QMVI can be downloaded has so far only
QMVI[25]) which focus on less traditionally seen material, been available to interested physics instructors upon request
including visualization of multidimensional wave functions and was not publicly accessible on the web at any time dur-
and time-dependent phenomena, basically wave pack#ig the study. The tests were given out at similar times
propagation, to judge how well students could extend theifluring each study, namely the last 1-2 weeks of the semes-
understanding to material often seen in more modern preseter, after the bulk of the instruction on one-dimensional
tations as well as to make contact with earlier studiem  gquantum mechanics, but before the final exam period.
student understanding of the time development of quantum The first few versions were shown to various physics fac-
states. We note that in each case we have used numericaijty colleagues and others who provided feedback and a
exact representations of quantum wave functions, not jusgomplete version of a 25-question t€¥0.3) was first given
sketches, to ensure that the phenomena being illustrated 2@ students in the Fall 1999 semester. Based on student re-
curately reflects real solutions of the Safirger equation. ~ SPonses, especially their written feedback and explanations,

The format chosen for each question was to have a singl@nd instructor comments, a slightly revised versithre one
question on one page, with five multiple choice answerscurrently in use, VO.Awas used in both the Spring 2000 and
Ample space was also provided for a required 2—3 line writFall 2000 semesters and the results of that version will be
ten response and students were also asked to denote théigcussed here. _ _ _
confidence level in their answer by circling a response rang- Because of this format, motivated by our desire to obtain
ing from very certainto very uncertain Students in all of the ~ Written feedback and confidence information, the existing
studies performed so far have been given the same instru¥€rsion is rather long and is not reproduced in its entirety
tions and graded in the same manner, namely they are tofd€re; two sample pages are shown in Appendix A as an ex-
that they will receive 2 points for a correctly chosen multiple @Mple of the format. Both versions of the QMVI, the grading
choice answer and 0, 1, or 2 points depending on the correcfUbric we used to assign the written score points, worked out
ness and completeness of their written response. (fos-  solutions, and other background material are all readily
sibly more subjectivegrading was all done by one person, available at

namely one of the authof®.W.R), to assure uniformity, but  www.phys.psu.edu/faculty/RobinettR/IQM/QMVI/QMVI.htm|

who also used a grading rubric for assigning these points. In . . .
this way, the magimumgnumber of poilgnts pger quesﬁon is 4N a variety of formatgPostscript and PDF filgs(The de-

and with our 25-item test the total possible score is 100. A’€lopment of the QMVI is discussed in an upcoming Ph.D.

student who randomly guess@ircling random answers and ';heS|st2.r)1 We now tuan our atftiﬂtmn '\t/R/Ithe re.:,rt:ltsl olzt{ar:ned
providing no written feedbagkwould thus have an average "M te various offerings of the QMVI over the last three
score of 10. WithN such students, the estimated standard®®MesSters.

error of the mean would be 20N~5 for the sample sizes of
roughly N=15-20 (per class we have used. In a similar IV. QMVI RESULTS FROM THREE SEMESTERS

way, we see that combined average scores of approximately Since one of our stated goals was to determine the
10=5 % on an individual question indicate responses no betprogress of student understanding through the undergraduate
ter than random guessing. curriculum, various versions of the QMVI have been given
The administration of such assessment instruments is begi four distinct courses in at least one semester during the
done in as controlled environment as possible, ideally in amlevelopment phase. These four courses, with some important
in-class exam situation. Due to the time constraints of théackground information, are described below.
courses involved, and the varying syllabi of the instructors ModPh is a 3-credit, one-semester, sophomore-level mod-
who participated over the course of the stydggven different ern physics course using a textbook at the level of Serway,
faculty members in four different courses over a three semedvioses, and Moyet* Students are typically exposed to
ter period, however, we were unable to administer theroughly five chapters of introductory quantum mechanics
QMVI in this way. For reasons of consistency, as well as to(Particle Nature of Matterthrough Quantum Mechanics in
ensure faculty involvemenin some semesters, faculty de- Three Dimensionin Ref. 34 and then proceed to applica-
clined to participatg in all of the tests performed so far the tions including atomic, molecular, solid state, and particle
QMVI offerings have been given in the form of an extendedphysics. The course is offered both fall and spring semesters
take-home exam, most often for a small amount of extraand requires completion of the second semester of introduc-
credit in the course, with very specific instructions (fd  tory physics(E&M) and the second semester of introductory
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Table I. Collected data for three semesters offerings of two versions of the QMVI. Data on the average score
(with standard error of the mean includedumber of respondents in each class out of the total enrollment
(resp/total, and average grade point avera@PA) of the students who participate@btained with their
permission at the end of the semester during which they took the QMVI are shown. The average score for the
combined Sp00/Fa00 ModPh group is 285.4.

ModPh ModPh-H UgQM1 GrQM1 QChem
Fa99(Vv0.3) 26.73.0 47.93.6 55.2:8.4
resp./total 45/52 17/23 5/33
(GPA) 3.25+0.09 3.55-0.12 3.68:-0.17
Sp00(V0.4) 28.8£2.8 69+3 58.3+4.4
resp./total 26/41 2/8 15/26
(GPA) 3.46+0.07 3.68-0.05 3.45-0.15
Fa00(Vv0.4) 27.6-5.1 65 45.4-3.8 55.5-3.4 29.74.6
resp/total 8/23 1/1 19/29 13/22 14/21
(GPA) 3.26+0.13 3.86 3.36¢0.10 3.60:0.08 3.510.09

calculus. Students enrolled in this course are typically sciwas constructed and that same version has now been given in

ence(physics and astronomyand engineeringelectrical en-
gineering, engineering science, gtstudents.

two semesters, Spring 2000 and Fall 2000. Some of the re-
sults are shown in Table | and include the average sdorgs

- UgQML1 is a 4-credit, one-semester, junior—senior levelof 100, scored as described abpead standard error of the
introduction to qs%antum mechanics using a textbook at thenaan (standard deviation divided by/N where N is the

level of Griffiths™ Students typically work through such a
book, up to and including the hydrogen atom. TMedPh
course is a prerequisite for this class as is a course in ord
nary and partial differential equations. An optional secon
semester cours@vhich would be described ddgQM?2) is
occasionally offered if sufficient demand exists and contin-
ues with applications, but was not available during the three(j)
semester trial period. The students enrolled in this course are
predominantly science undergraduatgshysics and as-
tronomy) and some engineerin@lectrical engineering and
engineering sciengaindergraduate and graduate students.

GrQM1 is a 3-credit, first-semester, first-year graduate
course in quantum theory using a textbook at the level of
Cohen—Tannoudjet al*° The audience is almost entirely
first year graduate students in physics who are also required
to take the second-semester cou(€QM2) as well; the
sequence is offered in falGrQM1) and spring(GrQM2)
only. On occasion, a talented undergraduate takes the course
and the Fall 2000 results include one such student. A course
at the level ofUgQML1 is a prerequisite for this class.

QChem is a 3-credit, one-semester, first-year graduate
course in quantum chemistry using a textbook at the level of
Levine™ The course is cross listed with a similarly titled
undergraduate course, but the enrollment is almost exclu-
sively graduate chemistry students; the Fall 2000 sample indi)
cludes only one undergraduate. The course typically covers
the basics of quantum mechanics in the first six chapters of
Ref. 41 before turning to applications to chemistry. Students
enrolled in this course are expected to have had a two-
semester course in physical chemistry as well as the second
semester of introductory physi¢E&M) and so have expe-
rienced a similar backgroun@oth in physics and matto
those students enrolled ModPh, but typically 1-2 years
earlier in their careers.

A. Global results

The first version of the QMVI(V0.3) to be offered to
students was given during the Fall 1999 semester. Based on
the written feedback of the students and comments from fac-
ulty colleagues, and an item analysis, a revised (&6t4)
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number of respondentas well as the average grade point
average(GPA) (calculated immediately after the end of the
Ogemester when grades first become avai)atue those stu-
dents who participated in the study. Several aspects of how
the courses were organized are especially relevant.

The same textbodk was used ifModPh for all three
semesters, and the same faculty member taught both
the Sp00 and Fa00 semesters; because of the similari-
ties in average score and GPA, instructor, and text-
book, we have combined those two data sets as rep-
resentative of the performance of a typiddbdPh
class. The average value for the combined Sp00/Fa00
set is then 28.5 2.4 for 34 students. In both Sp00 and
Fa00 semesters there were some Honors students who
participated in the course, and in the QMVI study, but
who were officially registered for a slightly different
version of the class itself, which we labdodPh-H.
Their data(three students in all, with consistently
much higher scorgsare shown separately and not in-
cluded in the overalModPh data or discussed in our
analyses due to the very small number of students
involved.

The same instructor taught thiEgQM1 course in both
Fa99 and Fa00 semesters and each time used the same
popular text® Based on our web surveys of sample
syllabi and textbook usage, we think that this ap-
proach is rather representative of the way the typical
undergraduate QM course is taught, both at our insti-
tution and elsewhere, so we will use the Fa00 data to
represent the junior—senior level of expertise. The
Sp00 course was taught by a different instruciuot

one of the authojsand used a different textbodk,

one written by one of the authoi®R.W.R), which
focuses on many of the same ideas and approaches
emphasized in the QMVI. This unintentional experi-
ment may provide a possible window on the variabil-
ity of the QMVI score depending on the pedagogical
approach used or emphasis placed on different cur-
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Table Il. The averagéand standard error of the meascores for each question for the QMW0.4). The

Spring and Fall 2000 data for the ModPh course are combined and the other Fa00 scores, as well as the Sp00
UgQML1 scores are included. The average sdaral standard error of the medfor the entire test for each

group is also includedin parenthesesat the top of each column for comparison.

ModPh UgQM1 GrQM1 QChem UgQMm1
Sp00/Fa00 Fa00 Fa00 Fa00 Spoo

No (28.5+2.4) (45.4+3.8) (55.5+3.4) (29.7+4.6) (58.3+4.4)
1 50+ 08 88+05 83+ 09 4612 77+10
2 26+ 07 66+ 10 82+10 36+13 87+08
3 20+ 06 53+10 52+13 14+09 65+ 12
4 57+08 86+ 07 7712 54+12 87+09
5 83+ 06 96+04 100=0 89+ 07 88+08
6 38+08 87+07 88+08 36+13 78+10
7 12+04 54+11 54+ 12 18+ 10 53+13
8 14+05 26+08 3111 04+03 28+11
9 33+ 06 49+08 54+08 3611 68+ 09
10 14+ 05 39+11 3313 29+10 2711
11 09+03 14+07 02+ 02 18+09 05+05
12 3307 45+ 09 75+ 10 27+10 75+09
13 52+ 08 79+09 73+12 57+13 83+09
14 16+ 06 16+08 3812 07+05 27+11
15 25+ 06 32+09 52+10 13+07 52+12
16 27+07 63+10 62+12 07+07 65+ 10
17 10+ 04 14+07 92+06 14+08 50+ 12
18 61+08 75+ 09 46+ 14 79+11 82+10
19 2106 54+09 63+ 10 1609 88+07
20 09+03 12+07 13+ 08 05+04 42+11
21 40+08 37+10 63+ 12 59+12 63+12
22 24+ 06 28+10 56+ 12 4313 65+ 11
23 18+05 08+06 54+11 23+10 50+12
24 13+ 05 05+05 29+08 1105 48+11
25 06+03 11+04 13+09 04+03 03+03

ricular material at this level. We will therefore briefly over the 25 item pool. The combined Fa00/Sp00 ModPh,
compare theUgQM1 Fa00 and Sp00 data in Sec. Fa00 UgQM1, Fa00 GrQM1, and Fa00 QChem data are used
IV D. as being most representative of a typical undergraduate or
(i)  The Fa00GrQM1 and QChem data will be used as graduate curriculum and textbook. A more complete listing
being representative of the first year graduate physicsf all of the V0.4 results, along with the Sp00 UgQM1 data,
and chemistry quantum mechanics courses, respeend including errors, is shown in Table Il for completeness.
tively. The data shown here are rounded and no errors are shown.
o . Averages for the test as a whole for each of the four courses
The similarity in scoregoverall and question-by-question  are |isted(in parenthesesat the top of each column for com-
between the sophomore-lewdodPh and the graduate-level parison so one can more easily see which questions were
QChem student scores is perhaps not surprising as the repynd to be, on average, easier or harder.
quired math and physics background for the two courses are os mentioned above, the first four questions focus on as-
very similar and the amount of introductory material necis of classical mechanics which may be useful for an
(roughly 5-6 chapters of one- and three-dimensional quanynderstanding of quantum theory. The first question,
tum theory covered in the two courses are seemingly veryoyy|[1], asks students to recall the connection between the
comparable, both in scope, topics, and the level of mathy|agsical force and the potential energy functipR(x)
ematical sophistication assumed and physical insight pro-

X . X e ; =—dV(x)/dx, but asked purely graphically while
\kglrcij:ftlj)} ?i?cﬂlsg'efgelr;?g\?vs in the individual responses wil beQMVI [2]-[4] focus on probability concepts, but in a classi-

cal context. QMV]4], for example, asks students to interpret

familiar classical motiongharmonic oscillator and acceler-

ated particle in terms of computer generated snapshots of
While one must be extremely cautious about drawing demany measurements of the particle position.

tailed information from an item analysis with the relatively

small number of students who have taken the QMVI duringQMVI[n] ModPh UgQM1 GroM1 QChem

the development phase, especially when broken down into (@ (28 (45 (59 (30

each course level, it is still worthwhile to examine the

B. Item analysis

. - . 1 50 88 83 43
guestion-by-question results for any obvious trends. We also

- 2 26 66 83 36

supplement the raw scoréscaled to a maximum of 10@or 3 20 53 50 14

each test question with information obtained from the written 4 57 86 -7 54

responses. Each question from the V0.4 version which we
are analyzing in detail is denoted by QMY| where n runs In these cases, as with a number of others we’ll discuss,
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students do exhibit an increased level of understanding be- Three questions are designed to focus on the mathematical
tween the sophomore and more advanced levels. In a numbeoncepts and results involved in the solution of the time-
of cases, the increases frdiodPh to UgQM1 are such that independent Schdinger equation(TISE), especially at an
there is little room left at the top for students to do muchintermediate stage of a derivation, but phrased in a concep-
better at theGrQM1 level. The two questions which require tual manner. Specifically, students are asked about the form
students to infer information about the particles speed from @&f formal solutions of SE as a differential equation in several
potential energy diagraniQMVI[2] and [3]) have consis- different physical regimes, as well as the imposition of

tently lower averages than thogeamely, QMV([1] and[4])  boundary conditions to obtain physically acceptable solu-
which are described more directly in physical terms; similartjons.

problems with classical misconceptions and difficulty in

readingV(x) plots have been noted in earlier studits-? QMVI[n] ModPh UgQM1 GrQM1 QChem
The next three questions all involve quantum mechanical (ave (28) (45) (55) (30)

probability ideas, ranging from interpretirjgi(x)|? as the

probability density(QMVI[5]), to calculating probabilities 10 16 39 33 29
numerically(QMVI[6] which requires the proper normaliza- 1 09 14 02 18
tion of a wave functioff), to the numerical evaluation of 1 10 14 92 14
expectation valuetQMVI[7]). These questions ranked among the lowest in all four groups
studied. For both QMV[ILO] and [11], the typical problem
QMVI[n] ModPh UgQM1 GrQM1 QChem  experienced by students, expressed through the written com-
(ave (28) (45) (55) (30 ments, was a confusion between known standard final an-
5 83 96 100 89 swers, as distinct from the process of deriving an ultimately
6 38 87 88 36 physically meaningful result through intermediate stages of
7 12 54 54 18 mathematical manipulation. Students found it difficult to go

~ through the steps of a derivation and separate the formal

Students at all levels clearly understood the qualitativesojution of the time-independent Schiroger equation as a
meaning of| #/(x)|* as the probability density, and after an second-order differential equation for an arbitrary value of
undergraduate course could perform simple normalizatiofhe energy eigenvalug and the imposition of boundary con-
calculations, but even at the graduate level students found ditions (either at infinity or some other boundargs result-
difficult to understand Visua"y presented wave function in-ing in the quantization of the energies_ The |arge Jump in
formation and use it to evaluate, or even estimate, eXpeCt%Core for QMV[]_?] over the course of the undergraduate
tion values numerically. One possible reason for this effect igareer is perhaps understandable as it relies on what might be
that few of the more advanced texts ask students to manipyescribed as a trick which, if students see once they typically
late real numbers. _ _ __recall.[This problem asks students to recognize that the odd-

Only a single question was included which had no visuakharity solutions of the Scfidinger equation for a symmetric
component, but which asked students to estimate, via scaling,e_gimensional potentiaV/(x), will also satisfy the related
arguments, the position—space uncertaidty, of a wave half-well problem whereV(x) is the same forx>0, but

function from a very simple functional form; this step was . . . :
required in order to obtain a dimensionally correct estimatevi"gccv's altsothcrlarf\c(;erlfed hby an mpznstra_ble” Wtilb(?dt
for the corresponding momentum—space spregm, = 9. Wve note that students who answered basically the iden-

tical question in Fa99 and Sp00 had scores of 86and

QMVI[n] ModPh UgQM1 GrQM1 Qchem 50*12, respectively; the average score on a very similar

(ave (29 (45) (55) (30) guestion dealing with a half harmonic oscillator problem, in
recent two GRE offerings, were 31% and 39%. Our under-

8 14 26 31 4 standing is that this aspect was mentioned in the two earlier

Students typically understood at each level that they wergemesters, but was likely not emphasized in the Fa0O]case.
required to use the uncertainty principle connectid A set of five complementary questions was included to
.Ap~*#, but clearly most students could not properly esti-Probe studgant u_nderstandlng of the qualltat|v¢ be_haV|0( of
mate the position—space spread, either by sketching th&ave functions m_qlﬂ‘ferent potential energy situations, in-
given functional form, by the use of “full width at half max” cluding more familiar bound state examples in position—
arguments, or even by dimensional analysis. space(QMVI[15], [16], and[19]), but also examples in one-

Two, somewhat related questions, are designed to propdimensional scattering geometrié@MVI[14]) and also a
student understanding of quantum mechanical wave funcersion requiring students to confront the problem in
tions (especially their amplitude and wiggliness and how themomentum-—spac&MVI[20]).
two are correlatedgiven a physical description of the corre-

sponding classical motion. Examples for a uniformly acceI-Q'z’gg”] M&dgf h U%%’;"l G{%"l Q(%%;em
erating particle (QMVI[9]) and a bouncing particle
(QMVI[12]) gave similar results, near the overall average 14 16 16 38 07
score. 15 25 32 52 13
16 27 63 62 07

QMVI[n] ModPh UgQMm1 GrQM1 QChem 19 21 54 63 16

(ave (28) (49) (59 (30 20 09 12 13 05

9 33 49 54 36 These problems, all of which ask students to account for the
12 33 45 75 27 qualitative form of a stationary state wave function from
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very general arguments about the shape of the potential, aege included which focus on simple two-dimensional quan-
of a type pioneered by French and Taytdhut which are tum mechanical systems, a 2D infinite square well
now routinely discussed in a variety of texts, both at the(QMVI[21]), and a 2D infinite circular wellQMVI[22]).
modern physics and more advanced levels. More standard

problems of this type for position—space bound states, sucRMVI[n] ModPh UgQM1 GrQM1 QChem

as QMVI[15], [16], and[19] all show increasing scores. A (ave (28) (45 (59 (30
very similar one(QMVI[14]) involving scattering from a 21 0 37 63 59
one-dimensional square barrigne of the most standard 1D 2 24 o8 56 43

scattering geometrigshows significantly lower score8iVe

note that somewhat more formal, but similar questions dealStudents seem to be able to generalize the 1D square well
ing with one-dimensional scattering on the GR&lso show  results fairly well, even at the sophomore level, to obtain the
low scores™ Students typically do not use the same intui- 2D energy eigenvalues and match them to a multidimen-
tive connections between the form of the potential and théional plot of probability densities. A similar question with
shape of the allowed bound state wave functions when deagircular symmetry such as QMM2], on the other hand, is
ing with scattering states; they most frequently try instead td'0t handled so successfully even though only qualitative in-
implement formalism dealing with transmitted and reflectedformation on the wave functiofwiggliness or patterns of
fluxes, instead of focusing more directly on the wave func-nodes is required. _ _

tions. In a similar vein, QMV20], which asks students to _ Finally, in the area of time-dependent solutions to the
also discuss stationary state solutioaga French and Tay- Schralinger equation, focusing on wave packet motion,
lor, but in momentum—space, has scores which remain at thi€ include problems involving classical analogs of a colli-

; P sion with an infinite wall (QMVI[23]), a fairly standard
level of random guessing. This indicates that they are seenipreading wave packet questic@MVI[24]), and a question

ingly unable to generalize their improving competencies in>". . A X
position—space conceptualization lodw likely is it to find wh|ch.ée32|ret.s stugents ctio underfstgréq,.cljn slorl?e dgta':' the
the particle in this part of the weljuestions to théaow fast exp(—lf n .) Ime dependence of Individual bound state
is the particle likely to be movintype arguments involved jn Wave functionsQMVI[25)).

understanding probability densities for the momentum Va”'QMVI[n] ModPh UgQM1 Grom1 QChem

able.

Even though students did increase their understanding of (ave 28 o 9 (30
some problems involving interpretation ¥{x) diagrams, it 23 18 08 54 23
is interesting to look at combinations of questions involving 24 13 05 29 11
physical descriptions of motion and the connection to the 25 06 11 13 04

resulting probability densitiegeither classical or quantum All three problems have individual scores which are far

mechanical averaging over three s_uc_h qgestions, nar71el31ower than the overall averages, with the detailed time-
(4+9_+ 12)13, compare_d to three similar items where thedependence guestion averaging no better than random guess-
questions are phrased in terms of the potential energy funGag (or worsg. These problems reinforce the results of Ref.
tion, such as (3 15+ 19)/3. 17 which found that student understanding of the time devel-

opment of quantum states was poor, even when phrased in

Q'E’;x'e[”] M(%%)P h U%%';"l Gggs'\)"l Q(C;(‘))em dgg‘éﬁﬁmn conceptual terms as in these questions.

C. Student confidence data

In addition to answering the specific QMVI questions in
both a multiple choice and written answer format, students
Clearly the physically described questions are always aboveere asked to rate their confidence on a four-point scale,
the mean, while those requiring readiny &) plot are con-  ranging fromvery certain, somewhat certain, somewhat un-
sistently lower. certain to very uncertainby circling one of those four state-

Two relatively standard questions are included which fo-ments at the bottom of each page. These answers were trans-
cus on simple properties of solutions of the infinite well ferred to a numerical scale, using values of 100, 67, 33, and
problem (QMVI[13]) and on the Pauli exclusion principle O for the four choices. Thus, each student response had not

(4+9+12)/3 41 60 69 39 ‘physical’
(3+15+19)/3 22 46 56 14 V(x)

and its effect on the filling of energy level@MVI[18]). only a numerical scor0—4, easily scaled to 0—1pbut also
some quantitative measure of the students confidence in their
QMVI[n] ModPh UgQm1 GrQM1 QChem answer. To examine these combined data, we averaged the
(ave (28) (45 (59 (30 numerical scorg(0—100 scalg and the student confidence

(0—100 scalgover all student responses for each individual
question to obtain two values§,, andC,,, for each question,
n=1,25. In general, one would imagine that the higher the
A familiar pattern of scores which increase after UgQML1 to aaverage score, the greater the student confidence, so we did a
plateau is seemingly evident. The somewhat lower score idifferent least-squares fit to the 25 point data set for each
GrQM1 for the energy level filling question is likely due to separate course. The best-fit lines of the f@maC+ 8 and
the structure of the course where applications involving spirthe corresponding correlation coefficients are shown in Table
and the Pauli principle are typically seen only in the secondll.
semester. For the three physics courses, the correlations were rather
In the last section of five problems, involving physical large indicating a reasonable degree of congruence between
visualization beyond the standard curriculum, two questionstudents perceptions and the correctness of their answers.

13 55 79 73 57
18 59 75 46 78
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Table Ill. The slope and intercept parameters for a best straight-line fit to thegutinely exposed to such ideas seem to do better, even than
individual score &,) and confidencey) data points (=1,25) for each of  graduate students in a typical post—undergraduate course.
the four off_ermg of.the QMVI.The s_ubstantlal correlgt!on coefficient for the Clearly, there is a need for more detailed studies of indi-
three physics offerings is fur‘ther evidence of the_ va!ldlty of the test for these\/idual item responses from a variety of undergraduate
groups of students. The similar sloges, but varying intercept§g), for the courses, especially using different texts, teaching styles, or

undergrad UgQM1) versus gradGrQM1) students indicates an increased . ;
confidence for the more advanced students. instructional methodéuse of computer software versus more
traditional materialg etc.

Best fit line
Course S=aC+p Correlation coefficient E. Newer data
ModPh $=0.68C-3.10 p=0.70 During the editorial review process of this paper, we were
ggg'\';"ll 212?758 P:g-gg able to obtain QMVI results from a set of undergraduate and
r Ehusedibot p== raduate students at another US institution, namely the Uni-
QChem S=0.87C—14.4 p=0.17 9 ! Y

versity of Arizona(thanks to Professor |. Novodvorskylhe
QMVI was given there to two groups.

_ . . ) ﬂ) Four graduate students, completing the second semes-
These observations were also useful in helping to establis ter of a two-semester grad sequeriaad hence most

the overall validation of the instrument. The question which similar to theGrQM2 course mentioned aboyvesing

fell the furthest from the best-fit line for both the UgQM1 the textbooks by Sakurai and Baym.

and GrQM1 cases was that for QM\]/Imdlcatlng_that there (i)  Nine undergraduate students, completing the second
was a severe misunderstanding of that question. While the semester of a two-semester undergraduate sequence

best-fit lines for these two populations had very similar val- (and hence most similar to thégQM2 at our institu-

ues ofa, the difference of roughly 20 in thg values imply tion) using the popular standard textbook by Lib$ff.

that the graduate students were rather more confident of their Considering the detailed syllabus for the course, we

answers. consider the instructional methods used and topics
covered to be of the standard type employed in many

D. Comparing different courses or approaches such undergraduate courses and hence most directly

comparable to the Fa99 and Fa0O0 UgQM1 data in

As mentioned above, the students in tM®dPh and Table 1, as opposed to the SpoO0 results.

QChemgroups had very similar overall scores, and the more

detailed data in Table Il also exhibits a strong question-by]n each case, the students were given very similar instruc-

guestion correlation as well. There were only a few questionﬁOnS on how to complete the QMVI so that the circum-
which had some perhaps measurable differences in respong

rate(but only at the one-sigma levyeFor theQChem group, Fances.under which it was administered were as comparable
MVI[21] and [22 both high h due to the 25 possible.

QMVI[21] and [22] were both higheriperhaps due to the -~ yypjje the sample sizes for these two groups are even

chemists familiarity with visualizing bonding, clearly em-

. ; . smaller than obtained in the data analyzed above, it is worth-
phasized in the typical textbooks uS§das was QMVI18] while to quote the global results for comparison. For the

(where the filling of energy levels and the Pauli principle are raduate course, the average score was-56.0 (Arizona,

paramount in understanding atomic structure and chemic .
properties; for the ModPh group, only QMV[15] and[16] p00, V0.4 which is to be compared to the 55:8.4 (Fa99,

had slightly better responses, both of which make use of th¥0-3) and 55.5-3.4 (Fa00, V0.4 values in Table I, which
physics students presumably more extensive experience wihow ol_aw_ous similarities, V\_/lthln t_he clearly large assou_ated
the use of potential energy functions. Such comparisons arfgncertainties. The only obvious difference between the item-
perhaps useful as it has been said thatie.preparation PY-item responsetclearly visible even with the very large
beginning graduate students have in quantum mechanics fncertainties due to small sample sizé&sthat the Arizona
spotty at best.” “6 so that the use of material appropriate for 9roup did far better on question No. I®ughly 3.8) in-
undergraduate physics majors, including a strong visuaY°|V'“g the_Pat_Jll Excjuspn principle. We |nd|cate<_j in our
environmerft can be a “..valuable resource in the teaching item analysis discussion in Sec..IV B thqt the .relat|vely low
and learning of quantum mechanits score of the GrQMl group on this question ml_ght be due to
The other obvious comparison is between the FaGQli- the fact that this material was ty_plcally seen in the secont_:l
tional approach, using Ref. 3@nd the SpOQmore visual ~Semester of the grad course, which the Arizona students did
approach, using Ref. 42JgQM1 course approaches which indeed cover.
give overall QMVI scores which are fairly differettat the For the slightly larger undergraduate sample, the average
level of slightly more than @. The scores for the Sp00 score was 49.85.6 (Arizona, Sp00, VO.#which we argue
UgQML1 test are, in fact, closer to the Fa00 GrQM1 resultsshould be compared to 47:8.6 (UgQM1, Fa99, V0.3and
almost across the board, except for four problems. Fo#5.4+3.8 (UgQM1, Fa00, V0.4 once again, equal within
QMVI[17], where students who have discussed parity inthe errors. While the sample size is too small to provide a
one-dimensional solutions typically do very well, the reliable item analysis by itself, it is still interesting to com-
UgQML1 score is typical of earlier semesters offerings at thigpare the question-by-question responses, which we show in
level, but not at the mastery level of the graduate student$able IV.
who almost all get this one right; for QMYA8], the artifi- If we combine the standard errors of the méanquadra-
cially low score of the GrQM1 students has been discussetlre) for the two averages for each question, the difference
above. On the other hand, for QM\MB] and [20], which  between the response rates for the two samples are all equal
require more sophisticated use of French—Taylor id&as,  to within at most 1.Zcombined standard deviations, except
cluding in momentum-—space, those students who have bedar questions Nos. 21, 23, and 24; each of those were an-
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Table IV. The averagéand standard error of the meastores for each question for the QMW0.4) for the
Fa00(UgQM1, Penn Stajeand Sp0QArizona) undergraduate data. The average scores for the two samples are
45.4+3.8 (UgQM1, Penn Stajeand 49.9-5.6 (UgQM2, Arizona.

UgQM1  UgQMm2 UgQM1  UgQMm2 UgQM1  UgQMm2
No. (PSU (ARIZ) No. (PSU (ARIZ) No. (PSU (ARIZ)
Ave  454+38 49.9r56 Ave 454+3.8 49.9vr56 Ave 454+38 49.9+56
1 88+ 05 78+10 11 14-07 00+00 21 3710 86+ 10
2 66+ 10 56+17 12 45-09 47+05 22 28-10 50+10
3 53+10 53+14 13 7909 67+16 23 0806 50+12
4 86x 07 61+13 14 16-08 36+14 24 05+05 3611
5 9604 97+03 15 32:09 47+12 25 1104 17+10
6 87+07 75+14 16 63-10 50+15
7 54+ 11 67+14 17 14-07 33+13
8 26+08 28+14 18 75-09 89+ 10
9 49+08 33+12 19 5409 61+14
10 39+11 25+12 20 12-07 06+ 05

swered significantly bettefat the 2.6-3.6 level) by the  which can, in turn, help motivate students at an earlier stage
second-semester Arizona group. This could be due, for exsf their undergrad career to consider probabilistic descrip-
ample, to the additional coverage provided by the longertions of motion which can then be built upon in later classes
two-semester course. If we calculate the average score fan quantum theory. Such classical probability ideas might
only the first 20 questiongexcluding those questions, 21— also prove useful to related areas such as statistical mechan-
25, which we have described above as coverindess tra-  ics.
ditionally seen material.” such as multidimensional wave A second set of materials will focus on the French—Taylor
functions and time-dependent phenometiee resulting av- type problems, incorporating many excellent existing ideas
erages are even closer, namely 4048 (Arizona, Sp00, from available computer software and printed materials to
V0.4) versus 41.9 3.3 (UgQM1, Fa00, V0.4 discuss, both in an intuitive and in a more formal manner, the
The agreement, overall and even at this level of detailmany connections between classical motions, the potential
using these admittedly rather small data sets, is reassurirRlergy function, and shap@iggliness and magnitudieof
and further suggests that QMVI scores after a standard urfiuantum wave functions. Clearly, extensions into more than
dergraduate quantum course may be similar and a reasonat§lge dimension in a variety of different geometrigs in
measure of students understanding of the material we wish @MV1[20] and[21]) will be valuable.

test. One set of materials, which is already under development,
will focus, in some detail, on the relatively simple, and very

V. IMPLICATIONS FOR QUANTUM MECHANICS focused, problem of an asymmetric infinite w8lithat is,

EDUCATION investigating the bound state properties of a quantum me-

chanical system described by a potential of the form
While preliminary, some of the results from our individual
item analysis do suggest that many students cannot apply or
extend standard curricular material to some novel problems. » for x<-—a,
Based on some of our results, we will be developing some 0 for —a<x<0,
new educational materials to address some of these topics. V(x)=
One focus will be on the introduction of probability dis- +Vo for O<x<+b,
tribution ideas into the context of even classical mechanics o  for +b<x.
problems to address student understanding of specific and

focussed questions such as QNI3/| but also to better ad- . ) .
dress the general difficulty students have with the interpretal NS Problem has the benefit that the level of mathematical

tion of potential energy plots. In this context, the use ofSOPhistication required to solve the Saiirgger equation

projection of trajectory techniqu&smay prove useful: one a_nalytically and to matCh the boundary conditions is no
benefit from such an approach is that it is just as easy t igher than that required for the standard treated problem of

discuss classical probability distributions for momefttee € finite well. The variation in potential implies that concep-
analogs of|¢(p)|?) as it is for position—space measure- tual analyses of the wave function foramplitude versus

ments. Many existing materialoth printed and electronic \év'%gggesgsﬁ; Sgggrz'tgzﬁttgi:’;ﬂi dFL%TghthaaTjﬂE}gO;re
can be used, as well as more novel approaches such as t . ; . -
ensemble measurement approach illustrated in QHIVI SUrprises in a number of special cdSesThe explicit form

which makes direct connections to experimental determina(—)f the Schralinger equation solutions, real or complex expo-

tions, binning of data, direct normalization of probability dis- nentials or sine/cosine Versus cosh/smh_ functions, depending
tributions and the numerical evaluation of average value n whether the energy eigenvalliesatisfiesE> +V, or E
(which could have an impact on such questions such as T Vo, can be u”dertOOd by most students. The need to
QMVI[7]). Many of these ideas can be easily incorporatedhave bothe™** ande™** solutions in the 8-x< +b region

into or tested in the setting of existing courses on classicdior tunneling cases wherfe<+V, and the fact that the ap-
mechanics as well, providing materials which are typicallypropriate boundary conditions atx=—a,+b,0 are all

not covered in standard undergraduate textbooks at this levetqually important should have an impact on student difficul-
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ties with QMVI[10] and [11]-type question. Momentum— can be used to focus attention on areas where student under-
space analyses of the problem are also possible to make costanding remains weak after traditional instruction, even at
tact with problems such as QMMO0] and one can easily the graduate level.

extend this probleniby eliminating the infinite walls ak Given the preliminary results reported here, based on lim-
=—a,+b) to the standard scattering from a step-potentialited data from only two institutions, one of our goals is to
probed in QMV[14]. Phrased in this context, students will continue the development and testing of the QMVI questions
be encouraged to make use of more intuitive ideas abouh a variety of settings, obtaining as much data as possible on
wave function properties for scattering problems, but whichthe current(or any futur@ version of the QMVP! We are

can just as easily make contact with more familiar ideas sucBontinuing to solicit faculty colleagues from a variety of
as probability flux. other US colleges and universities to offer the QMVI to ap-

_ Finally, a set of materials dealing with many aspects of theyropriate classes to gain more data on the variability of re-
time development of quantum systems is underway, motisyits in different curricular settings, using different text-
Vated especia”y by the p00r reSU|tS, e\_/en f0r advanced StLbOOkS, and pedagogica' approaches_ Any interested reader
dents, on QMV]23], [24], and [25]. While standard wave \yho would like to participate in some aspect of this study by
function spreadindusing a Gaussian as an analytically cal- offering the QMVI at their institutior(in any of the courses
culable exampleis discussed in many texts, the ability t0 §iscssed above, or othgis encouraged to contact the sec-
visualize these effects for a variety of other shapes willy,y 5 thor via electronic mail. Clearly, given the large con-

c:egrlé be luzt_eful. Schattgrlnlg; gﬁometrles gan easﬂfy be. 'f.'ent domain of quantum mechanics, even at the level of mod-
cluded, |n2c:6L510|ng' sSuch simpl€ changes as bounces from nfly physics, further refinement of the questions based on a
nite walls;>~>*which can focus attention on the time devel-

opment not only of the wave packets themselves, but also o\glt')?:ir:/a”ety of student responses will be very important to

their expectation values which have clear classical connec- We also hope to obtain data in other ways, such as with

tions. more detailed analyses of the written responses to the
A i I hich exhibi i - e ;
very important model system which exhibits an incred QMVI,% with interviews of students who have taken the

ibly rich array of quasiclassical and purely quantum effects is ; : . ;
that of wave packet revivals in the infinite square wefl. QMVI, as well as offering the test both in a pre-instruction

The simple question of how quasiclassical periodicity isM°de as well as the post-instruction mode which we have
exhibited®® how the wave packet spreads within the er]_ha_d available so far to assess, more quantlta.tlvelyZ possible
closed area, and especially how it reforms during the reviv9ains on the QMVI. Variations of the QMVI which might be
als, is a fascinating interplay of classical and quantum ideasuitable for delivery on the web, possibly including more
simple mathematical methods and numerical calculationdnteractive questions, or even animated versions of some of
and the springboard to comparison with real measurement§€ existing questions, are also under development. And fi-
of wave packet revivals in more physical systéhi@iscus-  hally, one of the main focal points will be the development of
sions of the simple time dependence of a two-state quanturfistructional materialgweb-basefito address some of the
system which can then be extended to the more delicate irstudent difficulties we have identified, and the testing of
terplay between the many stationary state components of these modules.

bound state wave packet can be addressed with a wide vari-

ety of methods.

VI. CONCLUSIONS, DISCUSSION, AND OUTLOOK ACKNOWLEDGMENTS

We have developed an assessment instrument which we \we appreciate the suggestions offered by various physics
hope will be able to shed light on the development of stu-anq chemistry faculty at Penn State University and their co-
dents’ conceptual and visual understanding of quantum mesperation in offering versions of the QMVI to their students;
chanics. Based on thedmittedly limited data we have ob- e gpecifically wish to thank M. Cole, J. Collins, S. Coutu,
tained (from our own institution and one otheduring the  \ Ernst, S. Hammes-Schiffer, R. Herman, and M. Strikman.
test period, we believe that we have identified clear dif'fer-We are é\lso grateful for help%ul suggesti(;ns made by PSU
ences in understanding between the sophomore-level mOdeffbllege of Education colleagues, especially V. Lunetta. We

physics, junior—senior level quantum theory, and first yeag, e 5150 benefited from conversations with E. Redish and

graduate student level of competencies. For example, using " > liman. We especi
. . . pecially thank I. Novodvorsky for her as-
the Fa00 UgQML and GrQMiand combined Fa00/Sp00 sistance in obtaining student data related to the QMVI from

ModPh dfata as an exar?]ple, we f|nq dlfftlarenlces in QMVI the University of Arizona. The work of R.W.R. was sup-
scores of 17.84.5 (sophomore to jr/sr leveland 10.1 0 5in nart by NSF Grant No. DUE-9950702.
+5.1(jr/sr to grad level between the three levels of instruc-
tion. Additional data from the University of Arizona are con-
sistent with the advanced undergraduate and graduate results

we have studied, often in great detail, as discussed in Sec.

VIE, further suggesting an increase in ability as students

progress through the standard physics curriculum. One set fPPENDIX A

data(the Sp00 UgQM1 resultsuggests that instruction us-

ing materials designed to focus on questions of conceptual We reproduce here, as examples, two pages from the latest
understanding and visualization can increase competencig®rsion(V0.4) of the QMVI indicating the standard format

in these areas. Preliminary item analyses in Sec. IVB  of the questions.
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[W(2)f vs. z
1 I

I v

12. A particle is dropped from a height H under the influence of gravity and bounces, without
loss of energy, from a flat surface (at z = 0) back up to the same height. Which of the plots
above would be the best representation of the quantum mechanical position-space probability
density, |¢(2)|* versus z, of an energy eigenstate for this system.

(a) T
(b) I1
(©

@ Iv

117

(e) None of them are possible solutions of this problem.

T Explain your answer in 1-2 sentences in the space above. 1
J Circle the statement below which describes how you feel about your answer. |

very somewhat somewhat very
certain certain uncertain uncertain
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lw(x,1)]
— Re(y(x;t))
_______ Im(y(x,0))

24. The real (dotted) and imaginary (dashed) parts of a position-space wave function repre-
senting a free particle wave packet, along with the modulus or absolute value (solid) of ¥(z,t)
is shown in the figure above. As time progresses, and the wave packet spreads, the real and
imaginary parts of the wave packet appear to be more 'wiggly’ in the leading edge of the wave
than in the trailing edge. Which statement below best expresses what is shown in the figure
above?

(a) All position-space wave functions spread with time because their real and imaginary parts
have different phase velocities.

(b) All position-space wave functions spread with time because their real and imaginary parts
get increasingly "out of phase’ with each other.

(c) The different momentum components which are used to construct a free particle wave
packet travel at different speeds.

(d) As the spread in the position-space wave function, Az, increases with time, the spread in
the corresponding momentum-space wave function, Ap,, must decrease with time to ensure
that the uncertainty principle relation is maintained.

(e) The real and imaginary parts of any wave packet must spread in such a way that the
modulus or absolute value |¢(z, t)| has the same shape as |¢(x, 0)}, but is just wider.

1 Explain your answer in 1-2 sentences in the space above. 1
J Cirele the statement below which describes how you feel about your answer. |

very somewhat somewhat very
certain certain uncertain uncertain
[
APPENDIX B to www.ehr.nsf.gof/pirsprs_web/search/default.asp. See also our own

web site, http://www.phys.psu.edu/faculty/RobinettR/QM/QMVI/

We collect, in Table II, a question-by-question item analy- QMVI.html for d_ownloadable copies of much of the background material
generated by this study.

sis of the V0.4 QMVI results for the combined SpOO/FaOO 2E. Cataloglu, “Development of an achievement test in quantum mechan-
ModPh, Fa00 UgQI\/Il, Fa00 GrQM1, Fa00 QChem, a.nd ics: The quantum mechanics visualization instrum@iV1),” Ph.D. the-
Sp00 UgQM1 data. The data presented here are obtainedis penn State University, in preparation.

using the multiple choice plus written response combination®p. Hestenes, M. Wells, and G. Swackhammer, “Force concept inventory,”
described in Sec. 1I(2 points for the correct answer plus 0, Phys. Teach30, 141-1581992; D. Hestenes and M. Wells, “A mechan-
1, 0or2 points depending on written response for a possibleiCS baseline test,jibid. 30, 159—16‘6(1992); R. K. Thornton and D.
total of 4 points per questionSimilar data using only the S°':.°'°ff' “Ass‘iss'lng Slt“df”t 'eaé”t'ﬁg of 'I\'e"t‘fm”’sf'awt.s: tTe force Ia’;d
. . . motion conceptual evaluation an € evaluation or active learning labo-
correct a”S"Ve'(f" points for a CO.rreCt multiple Cho.lce re- ratory and lecture curricula,” Am. J. Phy66, 338—352(1998.

sponsg are available for comparison at the web site men-ap O'Kuma, C. Hieggelke, D. Maloney, and A. Van Heuvelen, “Develop-

tioned in Sec. Ill. ing conceptual surveys in electricity and magnetism,” Annour2&:r81

(1998; “Preliminary interpretation of the CSE/CSM/CSEM student re-
@Electronic mail: exc18@psu.edu sults,” ibid. 29, 82 (1999; “Some results form the conceptual survey of
bElectronic mail: rick@phys.psu.edu electricity and magnetism,ibid. 30, 77 (2000.

'R. W. Robinett, Web-based quantum mechanics tutorials for undergradu®For example, in addition to the standard use of the infinite well as a bound
ates, NSF Award 9950702. For more information, updated periodically, go state model, along with the Pauli principle, to help explain aspects of the
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structure of solids and even nuclear matter, the infinite well can be used t&'Scientific Visualization in Mathematics and Science teachedged by D.
discuss modern aspects of quantum mechanics ranging from supersymmeA. Thomas(Association for the Advancement of Computing in Education,

try [F. Schwabl, Quantum Mechani¢Springer-Verlag, Berlin, 1990 to Virginia, 1995.

Jwave packet revivalgRefs. 7-9. - ?B.H. McCormick, T. A. DeFanti, and M. D. Brown, “Visualization in
See, e.g., M._Nauenberg, C. Stroud, and J. Yeazell, “The classical limit of ggjentific computing,” Comput. Grapi21, 14—-18(1987.

an atom,” Sci. Am.270, 44—49(1994. 2% M. Dwyer, “The effect of over responses in improving visually pro-

R. Bluhm, V. A. Kosteleckyand J. A. Porter, “The evolution and revival
structure of localized wave packets,” Am. J. Phgd, 944—-953(1996.

8R. W. Robinett, “Visualizing the collapse and revival of wave packets in
the infinite square well using expectation values,” Am. J. Pi(g5.410—

gramming science instruction,” J. Res. Sci. Tea®h47-55(1972.

30, G. Holliday, “The effects of verbal and adjunct pictorial-verbal infor-
mation in science instruction,” J. Res. Sci. Teath, 77—-83(1975.

313, W. Rigney and K. A. Lutz, “Effect of graphics analogies of concepts in

420 (2000. . ) ) .,
D. F. Styer, “Quantum revivals versus classical periodicity in the infinite 32chem|stry on Iear:"”g af?‘? att'IUde{ ‘]'_ Ed'_ Psy68, 3_05_.311(197@'_ .
square well,” Am. J. Phys89, 56—62(2001). R. R. Gotwals, “Scientific Visualization in Chemistry: Better Living

19\, s. Rebello and D. Zoliman, “Conceptual understanding of quantum Through Chemistry, Better Chemistry Through Pictures: Scientific Visual-
mechanics after using hands-on and visualization instructional materials,” ization for Secondary Chemistry Students,” in Ref. 27, pp. 153-180.
Research on Teaching and Learning Quantum MechaiNesional Asso-  **GRE®: Practicing to take the Physics Te#Educational Testing Service,
ciation for Research in Science Teaching, 199®. 2—6. Princeton, 199X This contains three complete Physics GRE examinations

HR. Steinberg, M. Wittmann, L. Bao, and E. F. Redish, “The influence of as well as data on student responses.
student understanding of classical physics when learning quantum mé“R. A. Serway, C. Moses, and C. Moyé&dodern Physics2nd ed.(Saun-

chanics,”Research on Teaching and Learning Quantum Mechalhies ders College, Fort Worth, TX, 1997
tional Association for Research in Science Teaching, 1999. 41-44. 3K. S. Krane,Modern Physics2nd ed.(Wiley, New York, 1996.
2E. F. Redish and B. Lei, “Student difficulties with energy in quantum 36a_ Beiser,Concepts of Modern Physicsth ed.(McGraw-Hill, New York,
mechanics,” www.physics.umd.edu/rgroups/ripe/perg/quantum/ 1995.
aapto7qe.htm 7P, Tipler and R. A. LlewellynModern Physics3rd ed.(W. H. Freeman
1L, Bao, P. Jolly, and E. F. Redish, “Student difficulties with quantum N.ewaork 1995', ' ynM ysies (W H. '
mechanics,” WWW.physics.umd.edu/rgroups/ripe/ph421/bao/ta|ks/33T A Moo’re Si)é deas That Shaped Physidsnit Q, Particles Behave
gm9608.htm T ! ’

Like Waves(McGraw-Hil/WCB, Boston, 1998

1 . . “ . .
.. Bao, E. F. Redish, and R. Steinberg, *Student misunderstandings of th§9D. J. Griffiths, Introduction to Quantum Mechani¢®rentice Hall, Engle-

quantum wavefunction,” Summer AAPT Announc28, 92 (1998. )
15D, F. Styer, “Common misconceptions regarding quantum mechanics,” Wood Cliffs, NJ, 1995 }

Am. J. Phys64, 31-34(1996; 64, 1202E) (1996. 40C. Cohen-Tannoudiji, Bernard Diu, and Franck Lal@eiantum Mechan-
165, \jokos, P. S. Schaffer, B. S. Ambrose, and L. C. McDermott, “Student ics, Vols. I and Il (Wiley-Interscience, New York, 197{Translated from

understanding of the wave nature of matter: Diffraction and interference of the French by S. Hemley, N. Ostrowsky, and D. Ostrowsky

particles,” Phys. Ed. Res. Supf@8, S42—S51(2000. 41, N. Levine, Quantum ChemistryPrentice Hall, Upper Saddle River, NJ,
1C. Singh, “Student understanding of quantum mechanics,” Am. J. Phys. 2000.
69, 885—895(2002). “2R. W. RobinettQuantum Mechanics: Classical Results, Modern Systems,

8For example, in the famous textbook by L. Schiffuantum Mechs_anics and Visualized Examplg®©xford U. P., New York, 1997
1st ed.(McGraw-Hill, New York, 1949 of half a century ago, the figures 43 very similar question was asked in the 1996 Physics GRR9677,
illustrating the solutions of the simple harmonic oscillator problem are Question No. 17 (Ref. 33. The correct response rate listed for that ques-
reproduced from an even earlier work, by L. Pauling and E. B. Wilson, o is 409% from the student populatidpresumably mostly physics se-
Introduction to Quantum Mechanic@McGraw-Hill, New York, 1933 niors intending to go to graduate schptiking the test.

L which, in turn, were drawn, by a draftsman, on graph paper. “A. P. French and E. F. Taylor, “Qualitative plots of bound state wave
B. Thaller, \ﬁsu_al Quantum Mechanics: Selec.ted Topics with C_omputer- functions,” Am. J. Phys39, 961-9621971); An Introduction to Quantum
Generated Animations of Quantum-Mechanical PhenoméSwringer- Mechanics M.1.T. Introductory Physics Serigdlorton, New York, 1978

Verlag, New York, 200 : . .
20g Brgndt and S Dahr?ueﬁhe Picture Book of Quantum Mechaniasd “Question No. 97 of the 1996 Physics GRER9677 has a listed correct
) | response rate of 11¥Ref. 33.

ed. (Springer-Verlag, New York, 2001 6 B . . »
2). Bayfield, Quantum Evolution: An Introduction to Time-Dependent C. M. McCallum, “Book and Media reviews,” J. Chem. Phyg4, 343

Quantum MechanicéWiley, New York, 1999. . 1997)-_ ) )
223 R. Hiller, 1. D. Johnston, and D. F. Sty@uantum Mechanics Simula- R. L. Liboff, Introductory Quantum Mechanic&nd ed.(Addison-Wesley,
tions: The Consortium for Upper-Level Physics Softwérndley, New Reading, PA, 1991
York, 1995. “8R. W. Robinett, “Quantum and classical probability distributions for po-
25, M. McMurry, Quantum Mechanicg§Addison-Wesley, Reading, PA,  sition and momentum,” Am. J. Phy§3, 823—-832(1995; see also Ref.
1993. 42, pp. 114-115.
243, JareckiGraphical Schrdingers Equatior{Physics Academic Software, “°Many of the background details necessary for the module under develop-
Raleigh, 1998 ment are discussed in depth in M. A. Doncheski and R. W. Robinett,

For example, one of the first pedagogical papers describing the simplest‘Comparing the classical and quantum probability densities for an asym-
aspects of wave packet propagation and interaction with potential barriers metric infinite well,” Eur. J. Phys21, 217—228(2000).
and wells was written by A. Goldberg, H. M. Schey, and J. L. Schwartz,50\1 andrews, “Wave packets bouncing off walls,” Am. J. Phys, 252—
“Computer-generated motion pictures of one-dimensional quantum- 554 (1998,

mechanical transrrr]lissionh and reflection ;)hhenomena,” Amf. IJ PBBS.  Siynlike studies of student understanding of concepts related to such topics
177-186(1967). The authors used one of the most powerful computers as introductory mechanics or E&M, where sample sizes of axtted 00

then available at the Livermore Lalmow dwarfed by modern PCs in f - . .
N - ] . are often readily obtainable from large service courses, the enroliments in
speed and had “...the probability density projected on a cathode-ray tube. . .
; . the kinds of courses we considévlodPh-, UgQM1-, and GrQM1-type

From the tube, photographs are made, and in turn are processed into the L

successive frames of a film.” Typical software packages now allow stu- classepare often 1Q—30 at many L_JS institutions. It may well be that data

dents to reproduce these results with arbitrary initial conditions and poten- Tom @ number of different sites will have to be collected, compared, and

tial parameters, almost instantaneously. See Ref. 26 for more references giftégrated over in order to obtain similar sample sizes.

time-dependent wave packet propagation. he written responses have already been used extensively to assess de-
25A rather comprehensive list of references to discussions of wave packettailed student understanding, especially during the test of the original V0.3

propagation in many model quantum mechanical systems, both for scat-Version, helping to suggest improvements which were implemented in

tering and for bound states, in the pedagogical literature is contained in M. V0.4. More detailed discussions of the written responses and many other

Doncheski and R. W. Robinett, “Anatomy of a quantum ‘bounce,’” Eur.  issues will be included in an upcoming pafér. Cataloglu and R. W.

J. Phys.20, 29-37(1999. Robinett(in preparatioh].
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